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Annomayus. B pabore mamaraeTcss MeTOJ TOYHOTO PEIIEHUsI CUCTEMbI MHTEIPAJIBHBIX ypaBHeHU! BuHepa—
Xomnda, BO3HUKAOIINX TPYU TOCTPOEHUN HAHOYACTHUI] U3 MATEPHUAJIOB CJIOXKHBIX peosoruit. [Ipeamoraraercs,
9TO KOHTAKTHAs 33/1a4a JIjIs HAHOYACTHUIHI c(hOPMYIMPOBAHA HA MPAHUIIE MHOTOCJOWHOIO MHOIOKOMIIOHEHT-
HOro MaTepuasa. IIpeamnosaraercs, Y70 HAHOYACTUIIHI UMEIOT HOCUTEJU B OOJIACTAX HEKJIACCUIECKOH (DOPMBI,
HAIIPUMep, B IIpocTeiinieM ciy4dae — 1moJsiocoBoii. [Ipeobpazosannem @ypbe 110 KOOpAMHATE, HAIIPABJIEHHOI 110
OCH TIOJIOCHI, 3aJ[a9a CTAHOBUATCS OJTHOMEDHON M €e TOYHOE PEIlleHHe MOYKHO CTPOHTD, HOJIb3YsICh PEIIeHneM
ypasHenusi Bunepa—Xorda. B ciyuasx MaTepuasioB CIOKHBIX PEOJIOTHil pellleHre CTAHOBUTCS MHOTOKOMIIO-
HEHTHBIM U TIOJTy9IaeTCs CUCTEMA MHTErpPaJIbHBIX ypaBHeHnit Bunepa—Xomda. Takum ke 06pa3soM MOXKHO
CTPOUTD PEIeHns U B APYTUX HEKJIACCHIECKHX 00acTsix. B o6acTu KOHTAKTa MOTYT OBITH JIIOOBIE YCIOBUST
MEXaHUYIECKOro, (PU3UIECKOrO UIU XUMHUIECKOTO XapaKTepa, IPUBOJIMAIINE TPAHUIHYIO 33/1a9y K CUCTEME
[IPOU3BOJILHOIO KOHEYHOI'0 YUCJIa WHTErpaJIbHbIX ypaBHeHu Bunepa—Xorda ¢ mepoMopdHOit MaTpuriei
B sizipe. [IpumeneH HOBBI yHUBEPCAJIbHBII METOJ MOJI/IMPOBaHMs, pa3paboranubiil panee apropamu. OH 1103~
BOJISIET MIPEJICTABJISATE PEIIEHNsT BEKTOPHBIX TPAHUYHBIX 331249 B BUJIE PA3JIOKEHUS 110 PEIIEHUSIM CKAJISTPHBIX
TPaHUYHBIX 3371a9. B COBOKymHOCTH ¢ HPaKTOPU3AIMOHHBIM OAX0A0M 5TO TO3BOJIMIO BIIEPBBIE TOCTPOUTH
TOYHOE PEIIeHNEe TAKON CUCTEeMbl MHTErPAJILHBIX ypaBHEHUI. B cTarhbe NPUBOAUTCA KPATKOE U3JIOXKEHUE
MeTo/Ia.

Karouesvie ca06a: HAHOYACTHUIHI, CAMOOPraHM3aIsl, CaMOCOOPKa, CHCTeMa WHTEIPDAJIbHBIX YDPaBHEHMIT
Bunepa-Xomnda, rpaHuIHbIE 3aa%U.
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Development of a Method for the Exact Solution of Systems of Wiener—Hopf Integral
Equations for Modeling of Self-Organization and Self-Assembly of Nanoparticles
of Complex Rheology
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Abstract. The paper describes a method for the exact solution of a system of Wiener—Hopf integral equations
arising during the construction of nano-particles from materials of complex rheologies. It is assumed that
the contact problem for a nanoparticle is formulated at the boundary of a multilayer multicomponent material.
It is assumed that nano particles have carriers in areas of non-classical shape, for example, in the simplest
case, band-shaped. By the Fourier transform along the coordinate directed along the axis of the strip, the
problem becomes one-dimensional and its exact solution can be constructed using the solution of the Wiener—
Hopf equation. In the case of materials of complex rheologies, the solution becomes multicomponent and
a system of Wiener—Hopf integral equations is obtained. In the same way, solutions can be built in other
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non-classical areas. In the contact area, there can be any conditions of a mechanical, physical or chemical
nature that lead the boundary problem to a system of arbitrary finite number of Wiener—Hopf integral
equations with a meromorphic matrix in the core. A new universal modeling method developed earlier
by the authors has been applied. It allows you to represent the solutions of vector boundary value problems
in the form of decomposition by solutions of scalar boundary value problems. Together with the factorization
approach, this made it possible for the first time to construct an exact solution of such a system of integral
equations. The article provides a summary of the method.

Keywords: nanoparticles, self-organization, self-assembly, system of Wiener-Hopf integral equations,
boundary value problems.
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BBenenue

CMemaHHble 331441, TOCTABJIEHHBIE JIJIT MHOTOKOMIIOHEHTHBIX CJIOMCTBIX CPEJ], UTPAIOT BAYKHYTO
POJIb B CAMBIX Pa3HbIX 00sacTax npaktuku. OHM BOSHHKAIOT B IPOOIEMax MPOTHOCTH M Pa3pyIe-
Hus [1-3], pacupocTpaHeHust BOJIH B yupyrux tesax [4, 5], akycTuke [6], HepaspyImamommx MeToaax
KOHTDOJIs [7], TeOpMU paccemBaHUsl JEKTPO-MATHUTHBIX BOJIH U CO3JIAHUU SJIEMEHTHON Ga3bl 3J1eK-
rponuku [8,9], reopun Bosn B kujgkocru [10], reodbusuke [11], dbunprpanun curnanos [12-15],
sKoHOMUKe U dbunHaHcax [16], B Teopun ciyuaiiHbeix mporeccos [17-19], B Teopun pe3oHAHCOB U JI0-
Kasm3anuii nporieccoB [20], mpu passBuTHM TeopuH GJIOUHOTO dyeMeHTa B juddepeHmaIbHbBIX
U MHTErpaJIbHBbIX ypaBHeHusx [21] u B apyrux obmacrax. Kak npaBusio, oHu CBOAATCS K PENIEHUIO
CHCTEM MHTerpaJbHbIX ypasHenuit Bunepa—Xomda.

B ciiydae MHOMOKOMIIOHEHTHOM CJIOUCTOMH CpeJIbl KOHETHOM TOJIIAHBI 3TH CACTEMbI HHTETPAJIbHBIX
YPaBHEHUII UMEIOT MaTPUIHOE SAPO, KOTOpoe obsaaer ciaemytonmuMm cBoiicrBsom. [Ipeobpasosa-
nust Pypbe 3JIEMEHTOB MATPUYIHOTO sIpa HHTErPAILHOIO YPABHEHUI ABIAIOTCS MEPOMOP(HBIME
dbyakumsvu. Kak onmcano B crarbe [22], METOIBI TOYHOTO PEIIEHHUs] TAKOH CHCTEMbI NHTETPAJIBHBIX
ypaBHeHHUI He ObLIM pa3paboTanbl. B HacTosmel ctaThbe, b1aromaps pa3padboTke MeTora hakTopu3a-
UK B BHJIE CyMMBI OIlepaTopa GECKOHETHON CHCTEMBI, YIAETCA TOYHO pellaTh OECKOHEIHbIE CHCTEMBbI
UMHTErpabHBLIX ypPaBHEHMIi, a ¢ HUIMH U CAMH CHCTeMbl HHTErpaJbHbIX ypasHenuii. Hacrosmiyio
paboTy ClIeIyeT paccMaTPUBATh KAK PA3BUTHE DaHee M3JIOXKEHHOTO TOIXona (22| K meesie10BaHnmio
CBOICTB MHOTOKOMITOHEHTHBIX MATE€PHAJIOB.

1. ITocranoBKa 3ama4u

Wccnemyercst TpaJuIuoHHas CUCTEMa MHTErPaIbHBIX ypapHenuil Bunepa—Xomnda nmopsiaka N,
OIKCHIBAIONMAs KOHTAKTHYIO 3aJ1a9y JIJIs 0Jy0eCKOHeYHOro NITaMIIa Ha MHOTOKOMIIOHEHTHOM cpe-
ne. CucreMa MMeET sSI7PO, TPEJICTABAMOE MATPUIEH-(DyHKIUEH, 3JIeMEHTBl KOTOPO# SIBJISIIOTCS
IPOU3BOJIBLHBLIMEA MEPOMOPMHBIMA (DYHKIUSMHA, CBOHCTBEHHBLIMEA CMEIAHHBIM 3a/1a9aM MEXaHuKH
u dhusukn [22]

/k(z—f)so(ﬁ)df:f@), 0< <00, @=1{b1,m . 0n},
0

1 Ku(a) Klg(a) KlN(Oé) (1.1)
k(z) = %/K(a)e_mm da, K(a)= ,
T KNl(Oé) KNQ(Oé) KNN(O()
f={f1,fe, .-, N}
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3/1ech BEKTOD (p sIBJISIETCsI HCKOMBIM, a BeKTop f(2) — 3a7aHHBIM.

Bynem cuaurars, uro smeMeHTEl Kpp(r), m,p = 1,2,..., N marpums-dynkmmm K(a) B (1.1)
SIBJISIIOTCS B ODOIIEM CIydae MepoMOpGMHBIMU (DYHKIUSIME [IEPEMEHHOr0 (v. B cMeImaHHbIX 3a1a9ax
MEeXaHHKI U MaTeMaTHieckoit dusuku Mepomopdusie dyuxunu K,,,(a) u onpenemurens det K(a)
UMEIOT CJIEYIOMEe MPEICTABIEHNE U ACUMIITOTHIECKOE TIoBeeHne |2, 5]:

Kpp(a) = D_l(oz)me(a), det K(a) = D_N(a)A(a), A(a) = det || Ly ()],

Kop(@) = Top la| ™ (14 0(a)), m=p, Kpp(a) = Tnpa™ " (1+0()),
m%pv ‘Oé|>>]_, p:172a"'aN'
IIpumennm s aHAJIU3a W IPe0OPA30BAHUI CHCTEMbl HHTErPAJbHBIX yPABHEHUI PE3yJIbTAT, TO-

JyueHHBIH B pabore [22]. DTu npeobpa3oBaHus NIPUBOJIAT K CUCTEME UHTEIPAJbHBIX yPAaBHEHU

BUJIAQ
oo

[mla - (@ = @), 220 p=1.2..N,

M, X, = H,,
L o T2 mp "
s p:2
1 I 1 —1 -1 —inx
hp(z) o 3 [ANp(zmp)Cp A Fp+F1} e dn, p=2,...,N,
1 7 —iux
mp(x) = 7 Mp(u)e du,

1.3

L 1 (1.3)
AY, =F, —§Z[GP+F1], p=1 AY,=5[G,+Fi], p=23,...N,
p=2

G, ={Grp}, Gp=AN,(2,,)C,'A"'F,, G =Fy,

1 7 .
AP = ||(§k - Z’fﬂp)_1|| ’ fp(x) = % / Ap(n)e_lnz dnv b= 172a - '7N7

ka - - Z(gk _Zm zmp Ztm(l )ZTqT(W‘Fgr)ipr’
m=1 r=1

Gri=—(+&)'Bi(n),  gi(z,n) = e " By(n),

- Z (exp iZMPx)NP(ZmP) Ztmq(p) Z Tqr(n + gr)iprv p= 27 37 R Na
m=1 q=1 =1

N

() = o) + 1], By() = 3 L) + g1 (o),

l\J\H

P
1
AY, = i[Gp—i—Fl], p=23,...,N
p =1Grp}, Gp= ANP(Zmp)CglA_lFm G =Fy,

Ay = [ = 2m) . Fy={-(r+&)7'By},
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N

1
F, — ig[epwl} =R,Fy,

R=[R,ll, F=[Fpll, Y=[Y,], &=,
Y =M 'RF, MY = RF,
=—K'R"'MY, =K 'R 'RF, KP=KK 'R"'MY=R 'MY=R 'RF=F.

[Gp + Fl] = Rpr’

DO =

O6o3HaueHust psifa MapaMeTpoB, OIMYINEHHBIX B HACTOSIIEN CTATbe Paid KPATKOCTH, UMEIOTCS
B [22]. VlHTErpaibHBIE YPABHEHNS PEIIAOTCsl TPAJIUIMOHHBIM MeTonoM Buaepa—Xonda. Ux Tounbie
pEIleHUs] CTPOSATCs B Pe3yJIbTaTe IPUMEHEHUs cjieBa K cucreMaM (1.3) o6paTHBIX MATPHI], HMEIOIIHUX
BU/J,

1
M;;Jr(_zgp)(fr - ng)[Djrl(—&«)]/.

Haitnem yuacTByiomuil B IpeACTaBIeHUN peleHus napaMerp By (1)

A;I = |ITpgrlls  Tpgr =

Xpn () = By(n)e ™" + Z Ypme' T (1.4)

m=1

Onpeznenenne B, (1) mocTuraercs TpeOOBAHNUEM COBIAIECHUS JEBBIX M IIPABLIX YacTell CHCTEMBI
uHTErpaabHbIX ypasHenuit Bunepa—Xomda (1.1). Ucnoabp3yeM moCTpOCHHBIE PEIIEHUS W BHECEM UX
B CHUCTeMy HMHTerpaJIbHBbIX YPaBHEHMIl, IIOJIyYUM COOTHOIIIECHUS

N
> Kp()Bs=Ay(n), K(n) =|Kpm|, B={B}, A@n)={4,n)}.

s=1

Orcrona onpeensieM UCKOMBII TTapaMeTp

B(n) = K ' (n)A(n).

Brecem nafinmenmble 3HaYeHNs B IPaBble TaCTH BBIPAXKEHUS NI Xpn (), Ysm. Torma moimydaem
TOYHOE COBITAJIEHUE JIEBBIX W IPABBIX 4acTeil cucrembl ypaBHeHmit Bunepa—Xonda. Vckombrii

BeKkTOp Xy, = { X1, X2n, - -, XNn} IPUHIMAET BUJL

Xy(z) = K () A(me ™ + K ()Y (),

Y(z) = {Z ypmfi”””} KT m) = llgpsll-
m=1

B koopmunaTHO# (hopMe COOTHOIIEHUsT MOXKHO MIPE/ICTABUTL B (popMme

N oo N
Xon(@) = Bp)e ™ +3 "N " gpayame’™™ ", Bp(n) =Y gpaAp(n).
s=1

s=1m=1

s HaxXOXKIeHusl PelleHns MHTErPaIbHOrO ypaBHeHuil ¢ = {@1, ¢o, ..., ¢ N } BBIUUCIUM PE0OPaA30-
Banune Pypoe 0T DYHKIMH Xpp (T), HMEEM

N oo N
Xpn () = Bp(n)e™™* + Z Z IpsYsme' ™", By(n) = ngsAp(ﬁ),
s=1

s=1m=1

. N oo . N

2 2

Xp(a) = Bp(n)a — + Z Z gpsysmma Bp(n) = ngsAp(n)v
s=1m=1 ms s=1
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oo o0
. . 1 7 ) . 1 1
e inT+iax de = — : : — , ezzmsx—i-wwc de = — . = .
—m + 1o oa—n 12ms + 1QX a4+ Zms
0 0

JLjist mostyderust BeKTOpa (), MPeICTaBIMIONIEr0 PEIICHNEe CUCTEeMbl HMHTErPAJBLHBIX yPaBHEHU
Bunepa—Xomnda (1.1), ucnonssyem dbopmyssl npeobpasosanus Lagepkunbiv [22]. C yaerom Toro,
9TO PEIajach He TOJIBKO cucTeMa MuddepeHIHalbHbIX YPABHEHNI, HO U CHCTEMA WHTErPAJIbHBIX
ypaBHenuit, 311 bopMyssl B Tpeobpaszopamnsax Pypbe mpuodbperaior sui @ (a) = K~ (a)X(a).

Orcrona BeKTOp (), UPEACTABIAONIMI PellleHne CHCTeMbl MHTerpajbHbIX ypasHeHui (1.1),
UMeeT BHJL

p(x) = % / K (o)X (a)e " da.

B Tom cayvae, ecau marpuna-byakius K(a) HepepbIBHO epexoauT B GyHKIMOHAIBEHO-KOM-
MYTaTUBHYIO, IIOCTPOEHHOE DeIlleHne IIEPEXOIUT B PellleHne, 110JIydaeMoe IIPOCThIM OOpallleHneM
CUCTEMBI ¢ (DYyHKIIMOHATHHO-KOMMY TATUBHBIME MATPHUIIAMU-(PYHKIUAMA JJI YACTHOTO CJIydas.

BriBoanr

Taknum 06pa3oM, BIEpBbIe MOCTPOEHO TOYHOE PeIlleHne GECKOHEIHON CHUCTEMBI aaredpaniIecKux
yPaBHeHHUii, 61aroJiapsi NCIOIb30BAHIIO HOBOI'O YHUBEPCAILHOTO METOIA MOJe/npoBaHus [21] u ¢ yue-
ToM [22], paspaboraHHOro aBropamu Meroja (hbakKTOPU3AIMU B BUJIE CyMMbI OllepATOpa OECKOHEYHO
CUCTeMbI JINHEWHBIX ajIredpandecKuX ypaBHEHHA. DTOT MOAXO ] He TOJIHKO O3BOJIUT PEIIATh CMEIIaH-
Hble ¥ KOHTAaKTHBIE 33JIa9U JIJIsi MHOTOKOMIIOHEHTHBIX MATEPUAJIOB, HO M JIACT BO3MOXKHOCTD PEIeHUs
PPAHUYIHBIX 33184 I TudhdepeHnna bHbIX YPABHEHUH JIJIsI MATEPUAJIOB CJIOXKHBIX PEOJIOTHIA.
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