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Annomayus. 1esbio paboThl sBIIsIETCA MOCTPOECHUE BAPUAIMOHHBIX AJTOPUTMOB UIACHTU(MUKAIIMA MOIIHO-
cTeil psia NCTOYHUKOB IIOCTOAHHOM MOIIHOCTH II0 JAHHBIM U3MEPEHNI KOHIIEHTPAIUH IIPIMECH Ha KOHEYHbBIN
MoMeHT BpeMmeHH. lIpy peasmsaruy BapuarimOHHON IIPOIEAYPHI ACCHMUJISAIII PEIIACTCA OCHOBHASI, CO-
OpsKeHHAs U 33/a9a B Bapuanuax. [[oncKk MCKOMBIX MapaMeTpPOB OCYIIECTBIISETCS UTeparnoHHo. [Ipu
pean3aIii ajaropuTMa (pUIbTPAIMH JIJIs IOCTPOEHHsI ajredpandecKoil CHCTEMbI YPABHEHUN HCIIOIb3yeTCs
METO/ OI€HKH, JBONCTBEHHOE IpeCcTaBieHue MYHKIMOHAA, IPeoOpa30BaHue IJIOCKUX BPAIEHUN IIepe-
OIpeIeJIEHHON CHCTEMBI YPABHEHU, UTO MO3BOJISET OCYIIECTBUTEH (PUIIBTPAIMIO TAHHBIX U HAWTU MCKOMBIE
3HAYEHHsI MOIIHOCTEN MCTOYHUKOB.

Kaouesnie cr06a: KOHIEHTPAIUS B3BEIIEHHOT'O BEIIECTBA, BAPUAIIMOHHBIN aJIrOPUTM, aCCUMUJISIIINS, COIIPS-
JKEHHAs 33/1a49a, BApUAIMOHHAS (DUIbTPAIINS.
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Variational Procedures for Estimating the Power of Pollution Sources in the Passive
Admixture Transfer Model
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Abstract. The paper considers variational algorithms for identifying capacities for a number of sources
of constant power based on admixture concentration measurements at a finite time. In the process of
implementing, the variational assimilation procedure, the main, conjugate and task in variations is solved.
The search for the desired parameters is carried out iteratively. When implementing the filtering algorithm,
the estimation method, the dual representation of the functional, the transformation of plane rotations
of the redefined system of equations are used to construct an algebraic system of equations, which allows
filtering data and finding the desired values of the source capacities. In this paper, an algorithm is proposed
for searching for the power values of several sources by assimilating measurement data on the admixture
concentration. When implementing a variation procedure, the integration of the main, conjugate tasks
and tasks in variations is performed. The latter is necessary to find an iterative parameter in the process
of gradient descent. An algorithm based on the application of the estimation method and a variational
algorithm for filtering measurement data is presented. The latter is based on the use of the procedure of
plane rotations of the original redefined system of equations and the minimization of a special kind of
functional. An essential point in the construction of the algorithm is the linearity of the transfer equation,
which allows us to consider its solution as the sum of solutions when specifying single point sources. Thus,
to solve the problem of identifying the power of a number of sources, it is proposed, to use variational
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assimilation procedures based on solving related problems and minimizing the corresponding prediction
quality functionals. In addition, an algorithm based on a variational filtering procedure for systems of
linear algebraic equations is presented, which are based on the estimation method and solving a series of
corresponding conjugate problems. The results can be used to solve various environmental problems in the
waters of the Azov and Black Seas.

Keywords: concentration of suspended matter, variational algorithm, assimilation, adjoint problem,
variational filtration.
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BBenenue

Jlj1s1 MOHUTOPHHTA SKOJOIMIECKON OOCTAHOBKU B BOJIOEMAX, HAIIPUMED, B ABOBCKOM MOpe, U3-3a
AHTPOIIOTEHHON HATPY3KU B CBSI3UM C MHTEHCUBHBIM PA3BUTHEM TPAHCIOPTHON MHMPACTPYKTYPHI,
TpebyeTcs CO3JaHne CUCTEM, B OCHOBE KOTOPBIX 3aJI02KEHO MCIIOJIb30BAHIEe YUCJIEHHBIX Mojeeil [1,2]
JUHAMUKH BOJI, MOJIeJIell PacIpocTpaHeHus: U TpaHcdopMamn 3arpssuennii [3,4], a takxke as-
TOPUTMOB yCBOEHUSI JIAHHBIX M3MepeHuii [5—11] mis onpemesernsi napaMeTpoB TAKUX MOJEJIEH.
JocraToaHo 1moJHBIH 0630p 110 MeTOJaM aCCUMUIISIA OpejcTaBieH B padore [8]. BoamorkaocTH
BapUAIMOHHOTO TIOJX0/[a O3BOJISIIOT PENIaTh 3aJa49u MUPOKoro Kiacca [12,13]. B mannoii pabore
TPEJJIOXKEH AJITOPUTM TTOUCKA 3HAYEHU MOIITHOCTEN HECKOJIbKUX MCTOYHUKOB 3a CUET YCBOEHUS
JAHHBIX M3MEPEHNH 0 KOHIeHTparnu mpuMecn. [Ipn peamnsanun BapuaIMOHHON MTPOIEIYPhI TPO-
M3BOJIUTCS WHTETPUPOBAHNE OCHOBHOM, COMPSI?KEHHON 3a/1a4 U 3a7a49u B Bapuarusax. [lociaeanss
HEODXOIMMa, JIJTsi TIONCKA UTEPAIMOHHOIO [apaMeTpa B IIPOIecce T'PAIUEHTHOTO CITYCKa.

Tak>Ke IPUBEJIEH AJITOPUTM, OCHOBAHHBIN Ha IPMMEHEHNH MeToja oleHKH [14] n BapuanuoHHOro
agropurma dbuiasrpanuu [15] qanabix n3mepenunit. B ocHOBe MOC/IEIHEr0O JIEKUT UCIOIH30BAHIE
OpOoLEAyPhl IJIOCKUX BPAIIEHUN UCXOHON IepeonpeJesIeHHON CUCTEMbl YPABHEHUN U MUHUMU3AIAA
dyHKIMOHAA ClIeluaJIbHOTO Bria. CyIecTBEeHHBIM MOMEHTOM IIPH IIOCTPOEHUH aJITOPUTMA, ABJIAETCS
JINTHEWHOCTDb YPaBHEHUsI ITEPEHOCA, UTO MO3BOJISIET PACCMATPUBATD €0 PEITICHIe KaK CyMMY PeIeHIit
IPYU 33JIAHUU OJIMHOYHBIX TOYETHBIX UCTOTHUKOB.

1. Mopesns nepeHoca

PaceMoTpuM MOJIeIb TIepeHoca IacCUBHOM npuMecH [2, 3] B o-KoopauHaTax

oDC
—+LC=0 1.1
T , (1.1)
Ha GOKOBBIX IPaAHUIAX UCIOJIB3YeTCS YCIOBHE
oC
I —= 1.2
On 0, (12)
a Ha IIOBEPXHOCTHU U HaA JHE
oC
=0:— =0
7 do ’ 1.3
oC ; . '
02—115262:5 Qpd(x—x)d(y—wi), 1=12
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Ha‘IaJIbeIe JaHHbIEe 3a/1al0TCd B BUJIE
C(C&y,aao) =0y (x7y?0)7 (14)

rie

L:(?DU oDV oW 8A8D 8A oD 0 K 0

gr "oy e on "or 9y "oy 9o Do

t € [0,T] — Bpemsi; D — nuHaMuveckas TiyOuWHA; X,y — TOPU3OHTAJIBHBIE KOODJIUHATHI; 0 —
Ge3pasMepHasi BepTUKAJbHAsT KOOD/MHATA, M3MEHSIIOIasicst B pejieaax or —1 (uHa jxue) mo 0 (Ha
nosepxuoctu Mops); U, V., W — kommnonentsl nojisg ckopocru; C — KoHIeHTpanus npumecu; A g
n K — x03bduimenTsl TOPU30HTAIHLHON U BEPTUKAJIBHOM TypOystenTHOI auddy3um; n — HOpMAJIb
K 6okoBoil rpanute, I' — rpanuna obsactu unrerpuposanus mogeau M; My = M x [0,T], Z —
KOJINYECTBO MCTOYHUKOB 3arPsA3HEHUS.

2. BapualimoHHbIlI aJropuTM UJAeHTUDUKAITTAA

PacemorpuM BapuarimoHHBIN AJITOPUTM ACCUMUIATIANA. 3aJ1a9a YCBOCHUS JIAHHBIX M3MEpPEHUit
perraeTcs 3a cYeT MUHUMUBAINN BBITYKJIOT0 KB IPATUIHOTO (DYHKITNOHAJA, KaUeCTBa MPOTHO3a,

Iy = % (P(RC—=C™"),P(RC—C"™"))y, (2.1)

rje P — oneparop BOCIIOJIHEHUS HYJISIME 1I0Jis HEBA30K IIPOTCHO3a IIPU OTCYTCTBUU JAHHBIX U3Me-
penwmii, R — omeparop MpoeKTUpoBaHusi B TOUKK HabmoaeHnii. @ynkunonadn (2.1) npu JuHEHHBIX
orpaanyenusix (1.1)—(1.4) sanumem B BuE

0DC | 9DUC  9DVC  OWC 9 , 9DC 9 , ODC 9 KyoC ]
ot ox dy oo 0z " or oy "oy 90 D oo |,

oc .
*(an’(’)p

I =1+

1 (C = Co )y + (,c ) i
do 0
t T
oC ; .
7 gt—l
IJle CKaJIIPHOE NTPOM3BeIeHne B Lo ONpeIesIseTcs CTaHIapTHBIM 06pa3oM. IIponHTerpupyeM cooTBeT-
crByoriee (2.2) BblpazkeHue Jig Bapuanuy (byHKIMOHAJIA [0 YaCTIM C yIETOM AHAJIOra yPABHEHUS
HEPA3PBIBHOCTH I Kpaesbix yeaosmit. B (2.2) o = 6% % [0,T], o, ' = 07! x [0, 7], 0° — mosepxmocTs

Mopst, a 0~} — mmo. BoibepeM B KadecTse MHOMKHTesleil JIarpam:ka pelenne cieLyiomeil 3a1aqu:

oDC*

- L* * —
5 +L°C*" =0,
oC* oCc* oc*

t=T:C" = P(C"™ — RC),

rae L* — dopMasibHO CONpsizKEeHHBIH orepaTop K L.
IIpu naenTudburamum AeficTBYIONNX HA BCEM IPOMEXKYTKE BPEMEHU NCTOYHUKOB ITOCTOSTHHOMN
MOIIIHOCTH TMEEM

T
Vil = /C* (=1, 2, y4, t) dt. (2.4)
0

3HadeHre MOITHOCTEH UCTOYHUKOB OIPEILISIeTCST UTEPAITOHHO

Q. = Qb +7V, I, (2.5)
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IJle T — WTePAIMOHHBIN [apaMeTp, KOTOpbIil onpezensercs [12] ¢ yaeToM pernenust 3a7a4u B Bapua-
musix. Creyer 3aMeTUTb, 9TO MIPOBEIEHHBIE TECTOBBIE PACUETHI TOKA3AJIN XOPOIILYIO CXOIUMOCTD
UTEPAIMOHHOTO MIPOIECCa U JOCTATOYHYI0 TOYHOCTD MJIEHTU(DUKAIIMA MOITHOCTH UCTOYHUKOB IIPA
WCIOJIb30BAHUY TIOJHON HHGMOPMAIIH O ToJie KOHIeHTparun. 1Ipu 3a1anun HeOOJIbITOro KOJIMIeCTBa
TOYEK M3MEPEHUil Pe3yJIbTAT CYNIECTBEHHBIM 00OPA30M 3aBHCUT OT UX MECTOIIOJIOXKEHUs, TOIA
€CTeCTBEHHBIM 00pa30M BCTAeT 33/1a4a IJIAHUPOBAHUS SKCIIEPUMEHTA.

3. Aaroputrm duabTpanuu

Yuuoxkast (1.1)—(1.4) ma C* u uHTErpupysl IO YACTSM C YIeTOM KPAeBbIX YCJIOBHUI M aHAJIOra
yPaBHEHUsI HEPA3PBIBHOCTH B 0-KOOpAMHATAX, BbiOepeM C™ Kak pelleHre CJIeIyIoNeil CopsKeHHO
3a1a9u:

oDC*
B o 1
S+ LCT =0, (3.1)
oC* oC* oC*
F%:(l 0:0.87207 O':—I.W:g, (32)
t=T:C*=0. (3.3)

B UTOre M3 MHTErpaJIbHOTO TOXKJAECTBA IIOJIYYUM
> / QLC*dB, = / CgdBy, (3.4)
ioB, B,

riae B — nuo mopst, g =0 (t —T) 6 (x —x,) 0 (y — yn),n=1,..., N, N — obIiee KOJIUIECTBO TOUEK
U3MepeHuil B KOHEYHbIi MOMEHT BPEMEHHU. ¥ YUThIBas LpejcTaBienus s Q) u g u3 dopmysst (3.4),
HOJTY IUM

T
ZQZB/CZ (t7xi7yi7_]-)dt:C(T7xnvyn7_1)7 n:17""N' (35)
@ 0

Takmm obpazom, 1m0 wHGOPMAIINK O KOHIEHTPAINNA B TOYKaX N MU3MEPEHUH I KOHETHOTO
MOMEHTa BPEMEeHHU CTPOHuTCs cucrema n3 N ypaBHeHHil. B ciydae mepeonpesesieHHoil CucTeMbl,
T.€. KOIJIa YUCJI0 yPaBHEHU GOJIbIe YUC/Ia UCTOYHUKOB, IOSIBJISETCS BO3MOXKHOCTH ITPUMEHEHUST
OHOI'0 M3 U3BECTHBIX METOJIOB, HAIPUMED, 3HaYeHNs () g MOI'YT ONpPEIeIdAThcd U3 cucreMsl (3.5) Ha
OCHOBE METOJIa BapUAIMOHHOM usibrpanuu [15], KOTOpBIil yCIIeHO IPUMEHeTCs IIPU PEIeHUN
AHAJIOTMYHBIX 330a4. s nepeonpeeseHtoit cucreMsl (3.5) B cilyuae HaJU4Yus OMUOOK U3MEPEHUi
HeoOxoMMa (PUABTPAIAA JAHHBIX C yIeTOM Bcel mHdopmMarnn, nmemoreiicas B N ypaBHEHUSIX.
HauasibHast cucrema ypaBHEHUi IIPU ITOMOIIMA OPTONOHAJIBHOIO MPE00PA30BAHNUSI IIJIOCKUX BPAIIEHMI
TpaHCHOPMUPYETCST K IKBUBAJEHTHOIN cucTeme. Y TJIbl TIOBOPOTA HAXOJSITCS M3 MAKCUMYyMa, (DYHKITU-
OHAJIA, XAPAKTEPU3YIOIIEr0 COOTHOINEHNE KOI(PMUIMEHTOB CUCTEMBI, AIIPUOPHOI WHMOPMAIUN O
peIlleHnH U TPaBbIX JacTax. AJroput™ peasnusyercs ureparuonto. Koaddunmenrsr Takoro mpe-
00pa30BaHUsl UIYTCs, UCXO U3 MAKCUMyMa KBaJIPATHIHOTO (DYHKITHOHAJA CIEIHAIBHOTO BHJIA.
B urore nonygaercst agpyrasi cucrema anrebpanvdeckux ypaBHEHUi, SKBuBaseHTHAs (3.5).

B pesysibraTe BBINOIHEHNST TaKOIi IPOIIE/IyPhl YPABHEHUsI HOBOI CHCTEMbI COPTUPYIOTCS 10 PAHTY.
B urore B BepxHHX CTPOKAX CHCTEMBI OKA3bIBAIOTCS YPABHEHUsI C HAMIYJIIell MHMOPMATUBHOCTHIO.

3akJiroueHue

Taxkum 06paz3oM, st pellieHnst 38291 UIeHTA(MUKAINN MOITHOCTH Psijia NCTOYHUKOB IIpeJIIaraer-
Csl ACIIOJIb30BaHNE BapUAIMOHHBIX IIPOIEAYP ACCUMUJIAIINN, OCHOBAHHBIX Ha PENIEHUH COIPIKEHHBIX
3a/1a9 1 MUHIMHU3AIUH COOTBETCTBYIONMX (DYyHKITMOHAJIOB Ka9eCTBa MPOruo3a. Kpome storo, mpe-
CTaBJIEH AJITOPUTM, OCHOBAHHBIN HA BapHUAIIMOHHON Hpolenype pUIbTPAIAA CUCTEM JIMHEHHBIX
aareOpantecKnx ypaBHEHUM, KOTOPbIE CTPOSTCS HA OCHOBE METOJA OIEHKH U PEIICHUUN CEePUM
COOTBETCTBYIOIIMX COIPSI?KEHHBIX 3a/1a4. Pe3yibrarsl MOr'yT ObITh HCIIOJIB30BAHBI IIPU PEIEHUN
PA3JINYHBIX 331849 SKOJOTUIECKON HAIIPABJIEHHOCTH B aKBATOPUAX A30BCKOro u YepHOro mMopeii.
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