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PERTURBED VELOCITY POTENTIAL AS A FUNCTION OF A PRESSURE JUMP IN THE PROBLEM OF
NON-STATIONARY STREAMLINE OF A THIN WING BY SUBSONIC FLOW OF COMPRESSIBLE GAS

Gaidenko S.V.
A three-dimensional non-stationary di�erential problem for perturbed velocity potential is

considered. The solution of the di�erential problem is shown in the integral form of the type of
a dipole potential, the density of which is the pressure jump on the wing. The representation
of the perturbed velocity potential allows us to calculate its normal derivative, which within
the wing limit reduces to an integral equation of the second type.
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Òîíêîå êðûëî â íåñòàöèîíàðíîì ïîòî-
êå ãàçà ñîçäàåò â îêðóæàþùåé ñðåäå ïîëå
âîçìóùåííûõ ñêîðîñòåé, ïîòåíöèàë êîòîðî-
ãî ìîæåò áûòü ïðåäñòàâëåí ñèñòåìîé èñòî÷-
íèêîâ èëè ñèñòåìîé äèïîëåé. Â ïåðâîì ñëó-
÷àå ïëîòíîñòüþ ïîòåíöèàëà ïðîñòîãî ñëîÿ
ÿâëÿåòñÿ íîðìàëüíàÿ ñîñòàâëÿþùàÿ ñêîðî-
ñòè, çàäàííàÿ â ïëîñêîñòè äâèæåíèÿ êðûëà.
Îäíàêî â ìàòåìàòè÷åñêîé ìîäåëè îáòåêàíèÿ
êðûëà äîçâóêîâûì ïîòîêîì ãàçà íîðìàëü-
íàÿ ñîñòàâëÿþùàÿ ñêîðîñòè èçâåñòíà òîëü-
êî â òî÷êàõ êðûëà. Ïîçàäè êðûëà íà âèõ-
ðåâîé ïåëåíå çàäàíî óñëîâèå íåïðåðûâíî-
ñòè äàâëåíèÿ, ñîäåðæàùåå ïðîèçâîäíóþ ïî-
òåíöèàëà âäîëü ïîòîêà. Íà îñòàëüíîé ÷àñòè
ïëîñêîñòè çàäàíî îäíîðîäíîå óñëîâèå Äèðè-
õëå. Òåì ñàìûì, ïëîòíîñòü ïîòåíöèàëà ïðî-
ñòîãî ñëîÿ âíå êðûëà ìîæåò áûòü íàéäå-
íà ïîñðåäñòâîì ðåøåíèÿ äâóìåðíûõ èíòå-
ãðàëüíûõ óðàâíåíèé â ðàñøèðÿþùèõñÿ ñ òå-
÷åíèåì âðåìåíè îáëàñòÿõ ñëîæíîé êîíôèãó-
ðàöèè. Äëÿ ïëîñêîïàðàëëåëüíîãî îáòåêàíèÿ
êðûëüåâîãî ïðîôèëÿ àíàëèç ýòèõ îáëàñòåé
ïðèâåäåí â [1]. Â ñëó÷àå ïðîñòðàíñòâåííîãî
îáòåêàíèÿ â [1, 2] ðàññìàòðèâàåòñÿ êðûëî ñî
ñâåðõçâóêîâûìè êðîìêàìè, òî åñòü êîãäà íà
êîíòóðå êðûëà âûïîëíåíû óñëîâèÿ, îáåñïå-
÷èâàþùèå â òî÷êàõ êðûëà è íàä íèì èçâåñò-
íûå çíà÷åíèÿ ïëîòíîñòè ïîòåíöèàëà ïðîñòî-
ãî ñëîÿ â îáëàñòÿõ èíòåãðèðîâàíèÿ. Â [2] ïî-

ñòðîåíà äèñêðåòíàÿ ìîäåëü ðàñ÷åòà íàïðÿ-
æåííîñòè ïðèñîåäèíåííûõ âèõðåé äëÿ êðû-
ëà ïðîèçâîëüíîé ôîðìû â ïëàíå ïðè äîçâó-
êîâîì îáòåêàíèè. Çäåñü êðûëî ðàçáèòî íà ÷å-
òûðåõóãîëüíûå ÿ÷åéêè, â êàæäîé èç êîòîðûõ
ïîòåíöèàë âîçìóùåííûõ ñêîðîñòåé ïðåäñòàâ-
ëåí â ôîðìå ïîòåíöèàëà äâîéíîãî ñëîÿ ñ ïî-
ñòîÿííîé ïëîòíîñòüþ. Åñëè â ýòîé ìîäåëè
ôîðìàëüíî ïåðåéòè ê ïðåäåëó, óñòðåìèâ ê
íóëþ ïàðàìåòðû ðàçáèåíèÿ, òî â ïðåäåëå ïî-
ëó÷èòñÿ òðåõìåðíîå èíòåãðàëüíîå óðàâíåíèå
ïåðâîãî ðîäà, ÿäðî êîòîðîãî èìååò â ïëîñ-
êîñòè êðûëà íåèíòåãðèðóåìóþ îñîáåííîñòü.
Ýòî òàê íàçûâàåìîå ãèïåðñèíãóëÿðíîå óðàâ-
íåíèå.

Â [3] îïèñàíî ïðèìåíåíèå ïîòåíöèàëà
äâîéíîãî ñëîÿ â êðàåâûõ çàäà÷àõ äëÿ óðàâ-
íåíèÿ Ãåëüìãîëüöà ñ ãðàíè÷íûìè óñëîâèÿìè
Íåéìàíà. Çäåñü ôîðìàëüíûé ïåðåõîä ê ïðå-
äåëó â ãðàíè÷íûõ óñëîâèÿõ ïðèâîäèò ê ãè-
ïåðñèíãóëÿðíîìó óðàâíåíèþ. ×èñëåííûì ìå-
òîäàì ðåøåíèÿ òàêèõ óðàâíåíèé ïîñâÿùåíà
ìîíîãðàôèÿ [4].

Â íàñòîÿùåé ðàáîòå ðàññìàòðèâàåòñÿ
äèôôåðåíöèàëüíàÿ çàäà÷à äëÿ ïîòåíöèàëà
âîçìóùåííûõ ñêîðîñòåé, âûçâàííûõ äîçâó-
êîâûì ïîòîêîì ñæèìàåìîãî ãàçà, îáòåêàþ-
ùåãî òîíêîå êðûëî ïðîèçâîëüíîé â ïëàíå
ôîðìû. Ðåøåíèå äèôôåðåíöèàëüíîé çàäà-
÷è ñòðîèòñÿ â èíòåãðàëüíîé ôîðìå òèïà ïî-
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òåíöèàëà äâîéíîãî ñëîÿ, ïëîòíîñòüþ êîòî-
ðîãî ÿâëÿåòñÿ ñêà÷îê äàâëåíèÿ íà êðûëå.
Ïî ïîñòàíîâêå çàäà÷è ýòîò ñêà÷îê â êàæ-
äûé ìîìåíò âðåìåíè � ôèíèòíàÿ ôóíêöèÿ,
ñîñðåäîòî÷åííàÿ íà êðûëå. ×åðåç íåå âûðà-
æàþòñÿ âñå àýðîäèíàìè÷åñêèå õàðàêòåðèñòè-
êè. Ñàì ñêà÷îê äàâëåíèÿ â äàëüíåéøåì ìî-
æåò áûòü îïðåäåëåí èç çàäàííîãî íà êðû-
ëå óñëîâèÿ Íåéìàíà. Ïîëó÷åííûå â íàñòîÿ-
ùåé ðàáîòå ïðåäñòàâëåíèÿ ïîòåíöèàëà âîç-
ìóùåííûõ ñêîðîñòåé ïîçâîëÿþò âû÷èñëèòü
åãî íîðìàëüíóþ ïðîèçâîäíóþ, êîòîðàÿ â ïðå-
äåëå íà êðûëå ïðèâîäèò ê èíòåãðàëüíîìó
óðàâíåíèþ âòîðîãî ðîäà ñ ðåãóëÿðíûì èíòå-
ãðàëüíûì îïåðàòîðîì. Çäåñü ðåøåíèå èíòå-
ãðàëüíîãî óðàâíåíèÿ â âåðøèíå õàðàêòåðè-
ñòè÷åñêîãî êîíóñà ïðåäñòàâëåíî ÷åðåç åãî èí-
òåãðàëüíûå ñðåäíèå çíà÷åíèÿ ïî êîíöåíòðè-
÷åñêèì îêðóæíîñòÿì âíóòðè è íà ãðàíèöå êî-
íóñà â ïðåäûäóùèå ìîìåíòû âðåìåíè. Ðàç-
íîñòíàÿ àïïðîêñèìàöèÿ ýòîãî èíòåãðàëüíîãî
óðàâíåíèÿ ïðåäñòàâëÿåò ñîáîé ÿâíûé ÷èñëåí-
íûé ìåòîä, ÷òî ïðè ïåðåõîäå íà î÷åðåäíîé
âðåìåííîé ñëîé íå òðåáóåò ðåøåíèÿ ñèñòåìû
ëèíåéíûõ óðàâíåíèé áîëüøîé ðàçìåðíîñòè ñ
çàïîëíåííîé ìàòðèöåé.

1. Ïîñòàíîâêà çàäà÷è

Ðàññìàòðèâàåòñÿ òîíêîå ñëàáîèçîãíóòîå
æåñòêîå êðûëî êîíå÷íîãî ðàçìàõà, äâèæó-
ùååñÿ ñ ïîñòîÿííîé äîçâóêîâîé ñêîðîñòüþ V
â ïîòîêå ñæèìàåìîé èäåàëüíîé æèäêîñòè íà
ðàññòîÿíèè h îò ãîðèçîíòàëüíîé òâåðäîé ïî-
âåðõíîñòè è ñîâåðøàþùåå ìàëûå êîëåáàíèÿ
îêîëî íåêîòîðîãî ñðåäíåãî ïîëîæåíèÿ. Âîç-
ìóùåííîå òå÷åíèå æèäêîñòè áåçâèõðåâîå.

Ïóñòü íà÷àëî ïðÿìîóãîëüíîé ñèñòåìû êî-
îðäèíàò Ox1x2x3 íàõîäèòñÿ íà êðûëå, îñü
Ox1 íàïðàâëåíà ïðîòèâîïîëîæíî ïîñòóïà-
òåëüíîìó äâèæåíèþ êðûëà, îñü Ox2 � ïî
ðàçìàõó êðûëà, îñü Ox3 � âåðòèêàëüíî
ââåðõ. Ïóñòü D � ïðîåêöèÿ êðûëà íà ïëîñ-
êîñòü Ox1x2, W � ïðîåêöèÿ íà ýòó ïëîñêîñòü
âèõðåâîé ïåëåíû çà êðûëîì. Çàêîí äåôîð-
ìàöèè êðûëà êàê òâåðäîãî òåëà ñ÷èòàåì çà-
äàííûì óðàâíåíèåì x3 = f (x1, x2, t), ãäå t �
âðåìÿ. Â ñèëó òîíêîñòè è ñëàáîé èçîãíóòîñòè
êðûëà ãðàíè÷íûå óñëîâèÿ íà êðûëå è âèõ-
ðåâîé ïåëåíå ìîæíî ñíåñòè íà èõ ïðîåêöèè.
Â ðàìêàõ ëèíåéíîé ïî âîçìóùåíèÿì òåîðèè
ìàòåìàòè÷åñêàÿ ìîäåëü ïðåäñòàâëÿåò ñîáîé
ñëåäóþùóþ äèôôåðåíöèàëüíóþ çàäà÷ó äëÿ
ïîòåíöèàëà âîçìóùåííûõ ñêîðîñòåé ϕ (x, t),
x = (x1, x2, x3).

Âîëíîâîå óðàâíåíèå â ïîäâèæíîé ñèñòåìå
êîîðäèíàò

(
1−M2

) ∂2ϕ

∂x2
1

+
∂2ϕ

∂x2
2

+
∂2ϕ

∂x2
3

−

− 2M

C

∂2ϕ

∂t∂x1
− 1

C2

∂2ϕ

∂t2
= 0 (1.1)

âûïîëíÿåòñÿ ïðè t > 0 â ïîëóïðîñòðàíñòâå
x3 > −h âñþäó, çà èñêëþ÷åíèåì îãðàíè÷åí-
íîé îáëàñòè D è ïîëîñû W , ðàñïîëîæåííûõ â
ïëîñêîñòè x3 = 0. Çäåñü C � ñêîðîñòü çâóêà,
M = V

C � ÷èñëî Ìàõà, M < 1.
Íà ñàìîì êðûëå çàäàíî óñëîâèå íåïðî-

òåêàíèÿ, êîòîðîå â ëèíåàðèçîâàííîé ôîðìå
èìååò âèä ãðàíè÷íîãî óñëîâèÿ

∂ϕ

∂x3
(x1, x2, 0, t) =

∂f

∂t
(x1, x2, t)+

+ V
∂f

∂x1
(x1, x2, t) , (x1, x2) ∈ D. (1.2)

Ïîçàäè êðûëà íà âèõðåâîé ïåëåíå
(x1, x2) ∈ W âûïîëíÿåòñÿ óñëîâèå íåïðåðûâ-
íîñòè äàâëåíèÿ

(
∂ϕ

∂t
+ V

∂ϕ

∂x1

)
(x1, x2, +0, t) =

=
(

∂ϕ

∂t
+ V

∂ϕ

∂x1

)
(x1, x2,−0, t) . (1.3)

Çäåñü æå ïðè ïåðåõîäå ÷åðåç âèõðåâóþ ïå-
ëåíó íîðìàëüíàÿ ñîñòàâëÿþùàÿ âîçìóùåí-
íîé ñêîðîñòè ∂ϕ

∂x3
ïðåäïîëàãàåòñÿ íåïðåðûâ-

íîé, íî ñàì ïîòåíöèàë ϕ íà êðûëå è âèõðå-
âîé ïåëåíå òåðïèò ðàçðûâ. Êðîìå òîãî, ïî
óñëîâèþ ×àïëûãèíà�Æóêîâñêîãî âåðõíÿÿ è
íèæíÿÿ ñòðóè ãàçà ïîäõîäÿò ê çàäíåé êðîìêå
êðûëà ñ îäèíàêîâûìè ñêîðîñòÿìè, ÷òî òðàê-
òóåòñÿ êàê óñëîâèå íåïðåðûâíîñòè äàâëåíèÿ
ïðè ïåðåõîäå ÷åðåç êðîìêó êðûëà, òî åñòü ðà-
âåíñòâî (1.3) âûïîëíÿåòñÿ òàêæå íà çàäíåé
êðîìêå êðûëà, êîòîðîé â ïðîåêöèè íà ïëîñ-
êîñòü x3 = 0 ñîîòâåòñòâóåò îáùàÿ ÷àñòü ãðà-
íèöû ìíîæåñòâ D è W .

Íà òâåðäîé ãðàíèöå òàêæå çàäàíî óñëîâèå
íåïðîòåêàíèÿ

∂ϕ

∂x3
(x1, x2,−h, t) = 0, (x1, x2) ∈ R2. (1.4)

Íà÷àëüíûå óñëîâèÿ ïðåäïîëàãàþòñÿ íóëåâû-
ìè

ϕ (x, 0) =
∂ϕ

∂t
(x, 0) = 0 (1.5)

äëÿ òåõ òî÷åê x, â êîòîðûõ ïðè t > 0 çàäàíî
óðàâíåíèå (1.1).
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Êðîìå òîãî, áóäåì ïðåäïîëàãàòü, ÷òî èí-
òåðåñóþùåå íàñ ðåøåíèå ϕ (x, t) äèôôåðåí-
öèàëüíîé çàäà÷è âìåñòå ñ ïðîèçâîäíûìè, çà-
äåéñòâîâàííûìè â óðàâíåíèè (1.1), äîïóñêà-
åò ïðåîáðàçîâàíèå Ëàïëàñà, òî åñòü ìîäóëè
ýòèõ ôóíêöèé îöåíèâàþòñÿ ïðîèçâåäåíèÿìè
âèäà G(x)eC0t ñ íåêîòîðîé îáùåé ïîëîæè-
òåëüíîé ïîñòîÿííîé C0. Ïðè ýòîì ïîëàãàåì,
÷òî ìíîæèòåëè G(x) â îöåíêå ϕ (x, t) è åå
ïåðâûõ ïðîèçâîäíûõ ñòðåìÿòñÿ ê íóëþ ïðè
|x| → ∞, à òàêæå ñ÷èòàåì âî âñåõ ñëó÷àÿõ,
÷òî ýòè ìíîæèòåëè èíòåãðèðóåìû â R3.

Îñíîâíàÿ öåëü íàñòîÿùåé ðàáîòû � ïî-
ëó÷èòü ïðåäñòàâëåíèå ïîòåíöèàëà âîçìóùåí-
íûõ ñêîðîñòåé ÷åðåç ñêà÷îê äàâëåíèÿ íà êðû-
ëå

γ (t, x1, x2) =
(

∂ϕ

∂t
+ V

∂ϕ

∂x1

)
(t, x1, x2, +0)−

−
(

∂ϕ

∂t
+ V

∂ϕ

∂x1

)
(t, x1, x2,−0) .

Ïî ïîñòàíîâêå çàäà÷è ýòà ôóíêöèÿ âíå îãðà-
íè÷åííîãî ìíîæåñòâà D ðàâíà íóëþ.

2. Êðàåâàÿ çàäà÷à äëÿ óðàâíåíèÿ
Ãåëüìãîëüöà

Ïóñòü ϕ̃ (x, p) =
∞∫
0

e−ptϕ (x, t)dt � ïðå-

îáðàçîâàíèå Ëàïëàñà ôóíêöèè ϕ (x, t), ãäå
êîìïëåêñíûé ïàðàìåòð p èìååò ïîëîæèòåëü-
íóþ âåùåñòâåííóþ ÷àñòü: Re p > C0 > 0.
Ïðèìåíèì ïðåîáðàçîâàíèå Ëàïëàñà ê çàäà-
÷å (1.1)�(1.4) ñ ó÷åòîì íóëåâûõ íà÷àëüíûõ
óñëîâèé (1.5). Ïðåîáðàçîâàííîå äèôôåðåí-
öèàëüíîå óðàâíåíèå ïðèâîäèòñÿ ê óðàâíåíèþ
Ãåëüìãîëüöà ëèíåéíîé çàìåíîé íåçàâèñèìûõ
ïåðåìåííûõ

x′1 = x1, x′2 =
√

1−M2x2,

x′3 =
√

1−M2x3

è ïðåäñòàâëåíèåì êîìïëåêñíîçíà÷íîé ôóíê-
öèè ϕ̃ (x, p) â âèäå Φ(x′, p) eνx1 , ãäå ν = pMn,
n = 1

C(1−M2)
,

∂2Φ
∂x′21

+
∂2Φ
∂x′22

+
∂2Φ
∂x′23

+ κ2Φ = 0, κ = ipn.

Óðàâíåíèå Ãåëüìãîëüöà çàäàíî â ïîëóïðî-
ñòðàíñòâå x′3 > −H = −h

√
1−M2 âñþäó,

êðîìå ìíîæåñòâà D′∪W ′ â ïëîñêîñòè x′3 = 0.
Çäåñü øòðèõàìè îòìå÷åíû îáðàçû ñîîòâåò-
ñòâóþùèõ ìíîæåñòâ ïðè ëèíåéíîì ïðåîáðà-
çîâàíèè.

Óñëîâèå íåïðåðûâíîñòè äàâëåíèÿ ïîçà-
äè êðûëà â íîâûõ ïåðåìåííûõ èìååò âèä[

∂Φ
∂x1

+ pmΦ
]

= 0 ïðè (x1, x
′
2) ∈ W ′. Çäåñü

êâàäðàòíûå ñêîáêè îáîçíà÷àþò ñêà÷îê ôóíê-
öèè ïðè x3 = 0, òî åñòü ðàçíîñòü ïðåäåëüíûõ
çíà÷åíèé ïðè x3 → +0 è x3 → −0, à ïîñòîÿí-
íàÿ m = n

M > n.
Ñêà÷îê äàâëåíèÿ íà êðûëå γ (x1, x2, t) ïî-

ñëå ïðåîáðàçîâàíèÿ Ëàïëàñà â íîâûõ êîîðäè-
íàòàõ ïðåäñòàâëåí â âèäå Γ (x1, x

′
2, p) eνx1V ,

(x1, x
′
2) ∈ D′. Ó÷èòûâàÿ, ÷òî âíå êðû-

ëà äàâëåíèå íåïðåðûâíî, ñ÷èòàåì ôóíêöèþ
Γ (x1, x

′
2, p) =

[
∂Φ
∂x1

+ pmΦ
]
ôèíèòíîé â ïëîñ-

êîñòè (x1, x
′
2) ñ íîñèòåëåì íà D̄′ è ðàâíîé íó-

ëþ íà îáùåé ÷àñòè ãðàíèö D′ è W ′.
Ñâÿæåì ñ ïîòåíöèàëîì âîçìóùåííûõ ñêî-

ðîñòåé ϕ (x, t) ôóíêöèþ

θ (x, t) =
∂ϕ

∂t
+ V

∂ϕ

∂x1
,

êîòîðàÿ â íåïîäâèæíîé ñèñòåìå êîîðäèíàò
(ξ1, x2, x3, t), ξ1 = x1−V t, ñîâïàäàåò ñ ïðîèç-
âîäíîé ïî âðåìåíè ïîòåíöèàëà âîçìóùåííûõ
ñêîðîñòåé

θ (ξ1 + V t, x2, x3, t) =
d

dt
(ϕ (ξ1 + V t, x2, x3, t)) .

Ýòó ôóíêöèþ íàçûâàþò ïîòåíöèàëîì óñêî-
ðåíèé. Îòìåòèì, ÷òî äèôôåðåíöèàëüíûé
îïåðàòîð, çàäàþùèé ôóíêöèþ θ (x, t), îäíî-
çíà÷íî îáðàòèì ñ ó÷åòîì íà÷àëüíîãî óñëîâèÿ
ϕ (x, 0) = 0. Îáðàòíûé îïåðàòîð â ïîäâèæíîé
ñèñòåìå êîîðäèíàò

ϕ (x, t) =

t∫

0

θ (x1 − V (t− τ) , x2, x3, τ)dτ =

=
1
V

x1∫

x1−V t

θ

(
ξ1, x2, x3, t +

ξ1 − x1

V

)
dξ1.

Ïîñêîëüêó ôóíêöèÿ ϕ (x, t) óäîâëåòâîðÿåò
îäíîðîäíîìó óðàâíåíèþ (1.1), òî åå ïðîèç-
âîäíûå òàêæå åìó óäîâëåòâîðÿþò. Çíà÷èò,
ïîòåíöèàë óñêîðåíèé θ (x, t) ÿâëÿåòñÿ ðåøå-
íèåì ýòîãî óðàâíåíèÿ. Âåðíî è îáðàòíîå
óòâåðæäåíèå äëÿ ôóíêöèè ϕ, îïðåäåëÿåìîé
ïîñëåäíèìè ðàâåíñòâàìè.

Ïðîâåäåì äëÿ ïîòåíöèàëà óñêîðåíèé òå
æå ïðåîáðàçîâàíèÿ, ÷òî è äëÿ ïîòåíöèà-
ëà ñêîðîñòåé. Ïîñëå ïðåîáðàçîâàíèÿ Ëà-
ïëàñà ïîòåíöèàë óñêîðåíèé ïåðåéäåò â
θ̃ (x, p), à â íîâûõ êîîðäèíàòàõ ôóíêöèÿ
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Θ(x′, p) = 1
V e−νx1 θ̃ (x, p) áóäåò ñâÿçàíà ñ

Φ(x′, p) ðàâåíñòâîì

Θ
(
x′, p

)
=

∂Φ
∂x1

(
x′, p

)
+ pmΦ

(
x′, p

)

âñþäó, ãäå ïîñòàâëåíà çàäà÷à äëÿ Φ(x′, p). Â
÷àñòíîñòè, ñêà÷îê ôóíêöèè Θ(x′, p) ïðè ïå-
ðåõîäå ÷åðåç ïëîñêîñòü x′3 = 0 ñîâïàäåò ñ
ôèíèòíîé ôóíêöèåé Γ (x1, x

′
2, p). Ïîëàãàÿ ýòó

ôóíêöèþ èçâåñòíîé, ïîñòàâèì äëÿ Θ(x′, p)
äèôôåðåíöèàëüíóþ çàäà÷ó

∂2Θ
∂x2

1

+
∂2Θ
∂x′22

+
∂2Θ
∂x′23

+ κ2Θ = 0 (2.1)

ïðè (x1, x
′
2) ∈ R2, x′3 ∈ (−H; 0) ∪ (0;∞),

Θ
(
x1, x

′
2, +0, p

)−Θ
(
x1, x

′
2,−0, p

)
=

= Γ
(
x1, x

′
2, p

)
, (2.2)

∂Θ
∂x′3

(
x1, x

′
2,−H, p

)
= 0. (2.3)

Ãðàíè÷íûå óñëîâèÿ çàäàíû äëÿ âñåõ òî÷åê
(x1, x

′
2) ïëîñêîñòè R2, êðîìå, âîçìîæíî, ãðà-

íèöû îáëàñòè D′ â óñëîâèè (2.2).
Ïîñêîëüêó èíòåðåñóþùåå íàñ ðåøåíèå

Θ(x′, p) óðàâíåíèÿ Ãåëüìãîëüöà òåðïèò ðàç-
ðûâ â ïëîñêîñòè x′3 = 0, òî åñòåñòâåííî èñ-
êàòü ýòî ðåøåíèå â ôîðìå ïîòåíöèàëà äâîé-
íîãî ñëîÿ, ïëîòíîñòüþ êîòîðîãî ÿâëÿåòñÿ
ñêà÷îê ðåøåíèÿ.

Êàê èçâåñòíî, â ïðîñòðàíñòâå R3 ñóùå-
ñòâóþò äâà ôóíäàìåíòàëüíûõ ðåøåíèÿ óðàâ-
íåíèÿ Ãåëüìãîëüöà. Â íàøèõ îáîçíà÷åíèÿ
ýòî � e±iκ|x′|

4π|x′| . Íàïîìíèì, ÷òî κ = ipn, n > 0,
Re p > C0 > 0, è ïîñêîëüêó íàñ èíòåðåñó-
þò èñ÷åçàþùèå íà áåñêîíå÷íîñòè ðåøåíèÿ,
òî âûáåðåì − e−pn|x′|

4π|x′| . Ðàññìîòðèì ïðè x′3 6= 0
ïîòåíöèàë äâîéíîãî ñëîÿ

W
(
x′, p

)
=

=
∫∫

R2

Γ
(
y1, y

′
2, p

)
P

(
x′, y1, y

′
2

)
dy1dy′2,

ãäå

P
(
x′, y1, y

′
2

)
=

∂

∂y′3

(
e−pn|x′−y′|

4π |x′ − y′|

)

|y′3=0

=

=
e−pn|x′−y′|

4π

(
pnx′3

|x′ − y′|2 +
x′3

|x′ − y′|3
)

|y′3=0

.

Ñâîéñòâà ïîòåíöèàëà äâîéíîãî ñëîÿ õîðîøî
èçâåñòíû: ïðè x′3 6= 0 îí óäîâëåòâîðÿåò îäíî-
ðîäíîìó óðàâíåíèþ Ãåëüìãîëüöà è â òî÷êàõ
íåïðåðûâíîñòè ïëîòíîñòè èìååò ïðåäåëüíûå
çíà÷åíèÿ ïðè x3 → ±0, ðàâíûå ñîîòâåòñòâåí-
íî ±1

2Γ (x1, x
′
2, p), òî åñòü ñêà÷îê åãî ïðè ïå-

ðåõîäå ÷åðåç ïëîñêîñòü x′3 = 0 ðàâåí ïëîòíî-
ñòè.

Ðåøåíèå çàäà÷è (2.1)�(2.3) ìîæíî ïîëó-
÷èòü ñ ïîìîùüþ ïîòåíöèàëà äâîéíîãî ñëîÿ

Θ
(
x′, p

)
= W (x, p)−W

(
x1, x

′
2, x

′
3 + 2H, p

)
.

Âòîðîå ñëàãàåìîå íåïðåðûâíî ïðè x′3 > −2H,
ïîýòîìó ñêà÷îê Θ(x′, p) ïðè x′3 = 0 ñîâïàäàåò
ñî ñêà÷êîì ïåðâîãî ñëàãàåìîãî. Âûïîëíåíèå
ãðàíè÷íîãî óñëîâèÿ (2.3) ñëåäóåò èç íå÷åòíî-
ñòè ïî x′3 ÿäðà, à çíà÷èò, è ñàìîãî ïîòåíöèàëà
äâîéíîãî ñëîÿ, ÷òî âëå÷åò ÷åòíîñòü ïðîèçâîä-
íîé ýòîé ôóíêöèè ïî x′3.

Âåðíåìñÿ ê ïðåæíèì êîîðäèíàòàì

x2 =
x′2√

1−M2
, x3 =

x′3√
1−M2

è ôóíêöèÿì

θ̃ (x, p) = V eνx1Θ
(
x′, p

)
,

γ̃ (y1, y2, p) = V eνy1Γ
(
y1, y

′
2, p

)
,

θ̃ (x, p) = w̃ (x, p)− w̃ (x1, x2, x3 + 2h, p) ,

ãäå

w̃ (x, p) =

=
∫∫

D

γ̃ (y1, y2, p) P̃ (x, y1, y2, p) dy1dy2,

P̃ (x, y1, y2, p) =

= x3
1−M2

4π
e−pn(r+M(y1−x1))

(
1
r3

+
pn

r2

)
,

r =
√

(x1 − y1)
2 + (1−M2)

(
(x2 − y2)

2 + x2
3

)
.

Ñ ó÷åòîì ôîðìóëû îáðàùåíèÿ

ϕ̃ (x, p) =
1
V

x1∫

−∞
e−p

x1−ξ1
V θ̃ (ξ1, x2, x3, p) dξ1.

Ïîäñòàâèâ â ýòî ðàâåíñòâî ôóíêöèþ θ̃ â âèäå
ðàçíîñòè ïîòåíöèàëîâ äâîéíîãî ñëîÿ, ïîëó-
÷èì

ϕ̃ (x, p) = ϕ̃0 (x, p)− ϕ̃h (x, p) ,
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ãäå

ϕ̃0 (x, p) =
1
V

x1∫

−∞
e−p

x1−ξ1
V w̃ (ξ1, x2, x3, p)dξ1,

ϕ̃h (x, p) = ϕ̃0 (x1, x2, x3 + 2h, p) .

3. Èíòåãðàëüíûå ïðåäñòàâëåíèÿ
ïîòåíöèàëà âîçìóùåííûõ ñêîðîñòåé

Èññëåäóåì ôóíêöèþ ϕ̃0 (x, p), ñîîòâåò-
ñòâóþùóþ ïîòåíöèàëó âîçìóùåííûõ ñêîðî-
ñòåé áåçãðàíè÷íîãî ïîòîêà. Ñ ó÷åòîì íå÷åò-
íîñòè ýòîé ôóíêöèè ïî x3 äàëåå äëÿ îïðåäå-
ëåííîñòè áóäåì ðàññìàòðèâàòü x3 > 0.

Äëÿ îáðàùåíèÿ ïðåîáðàçîâàíèÿ Ëàïëàñà
â ðàâåíñòâå

ϕ̃0 (x, p) =

=
x3

(
1−M2

)

4πV

x1∫

−∞
e−p

x1−ξ1
V

∫∫

R2

γ̃ (y1, y2, p)×

× e−pn(r+M(y1−ξ1))

(
1
r3

+
pn

r2

)
dy1dy2dξ1

ïîìåíÿåì ïîðÿäîê èíòåãðèðîâàíèÿ, à çàòåì
âìåñòî ïåðåìåííîé ξ1 ââåäåì íîâóþ ïåðåìåí-
íóþ

t =
x1 − ξ1

V
+ n (r + M (y1 − ξ1)) ,

ãäå

r =
√

(ξ1 − y1)
2 + (1−M2)

(
(x2 − y2)

2 + x2
3

)
.

Ôóíêöèÿ t (ξ1) ìîíîòîííà, òàê êàê

dt

dξ1
= − 1

V
+ n

(
ξ1 − y1

r
−M

)
< 0.

Îáðàòíàÿ ôóíêöèÿ

ξ1(t) = x1 − tV + MR (x,y, t) ,

ãäå

R (x,y, t) =

=
√

(tV − (x1 − y1))
2 + (x2 − y2)

2 + x2
3.

Ôóíêöèÿ r â íîâûõ ïåðåìåííûõ èìååò âèä

r (x,y, t) = R (x,y, t)−M (tV − (x1 − y1)) > 0.

Êðàéíåìó çíà÷åíèþ ξ1 = x1 ñîîòâåòñòâóåò
ìèíèìàëüíîå çíà÷åíèå t

t0 = n (r (x,y) + M (y1 − x1))

� âðåìÿ, çà êîòîðîå â òî÷êó x ∈ R3 ïðèõîäèò
âîçìóùåíèå, âîçíèêøåå â òî÷êå (y1, y2, 0).
Çäåñü

r (x,y) =

=
√

(x1 − y1)
2 + (1−M2)

(
(x2 − y2)

2 + x2
3

)
.

Ïîñêîëüêó ξ1 (t0) = x1, òî èç îïðå-
äåëåíèÿ ôóíêöèè ξ1 (t) ñëåäóåò ðàâåíñòâî
MR (x,y, t0) = t0V , òî åñòü R (x,y, t0) = Ct0.
Îòìåòèì, ÷òî âåëè÷èíà t0 ÿâëÿåòñÿ ôóíêöè-
åé ðàçíîñòè x − y ïðè íóëåâîì çíà÷åíèè y3

òàê æå, êàê R (x,y, t) è r (x,y, t).
Èç îïðåäåëåíèÿ ξ1(t) âû÷èñëÿåòñÿ ïðîèç-

âîäíàÿ dξ1
dt = −V r(x,y,t)

R(x,y,t) . Â ðåçóëüòàòå ïðåîá-
ðàçîâàíèé ïîëó÷àåì ïðåäñòàâëåíèå

ϕ̃0 (x, p) =
x3

(
1−M2

)

4π
×

×
∫∫

R2

γ̃ (y1, y2, p)

∞∫

t0

e−pt

(
1

Rr2
+

pn

Rr

)
dtdy1dy2.

Äëÿ îáðàùåíèÿ ïðåîáðàçîâàíèÿ Ëàïëàñà âîñ-
ïîëüçóåìñÿ åãî ñâîéñòâàìè: ïðîèçâåäåíèþ
ïàðû èçîáðàæåíèé ñîîòâåòñòâóåò ñâåðòêà
îðèãèíàëîâ, à ïðîèçâåäåíèþ èçîáðàæåíèé
âèäà

pγ̃ (p)

∞∫

t0

e−ptf(t)dt

ñîîòâåòñòâóåò ôóíêöèÿ-îðèãèíàë

f(t0)γ (t− t0) +

t∫

t0

f ′ (τ) γ (t− τ) dτ,

çàäàííàÿ òàê ïðè t > t0 è ðàâíàÿ íóëþ ïðè
t < t0. Îòñþäà ïîëó÷àåì ñëåäóþùåå ïðåä-
ñòàâëåíèå ïîòåíöèàëà âîçìóùåííûõ ñêîðî-
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ñòåé áåçãðàíè÷íîãî ïîòîêà

ϕ0 (x, t) =
x3

(
1−M2

)

4π

∫∫

R2

×

×



t∫

t0

γ (y1, y2, t− τ)
Rr2

dτ +
nγ (y1, y2, t− t0)

R (x,y, t0) r (x, y, t0)
+

+ n

t∫

t0

γ (y1, y2, t− τ)
∂

∂τ

(
1

Rr

)
dτ


 dy1dy2.

Ïîñëå âû÷èñëåíèÿ ïðîèçâîäíîé â ïîñëåäíåì
ñëàãàåìîì

∂

∂τ

(
1

R (x,y, τ) · r (x,y, τ)

)
= − 1

nRr2
+

C

R3

ïåðâûé èíòåãðàë â ïðåäñòàâëåíèè ϕ0 (x, t) ñî-
êðàòèòñÿ

ϕ0 (x, t) =

=
x3

4πC

∫∫

K(x,t)

γ (y1, y2, t− t0)
R (x,y, t0) · r (x,y, t0)

dy1dy2+

+
x3

4π

∫∫

K(x,t)

t∫

t0

γ (y1, y2, t− τ)
R3 (x,y, τ)

dτdy1dy2. (3.1)

Çäåñü îáëàñòü èíòåãðèðîâàíèÿ K(x, t) ñîñòî-
èò èç òåõ òî÷åê ïëîñêîñòè (y1, y2), êîòîðûå
óäîâëåòâîðÿþò íåðàâåíñòâó t0 (x,y) 6 t ïðè
ôèêñèðîâàííûõ çíà÷åíèÿõ t è x. Íåñëîæíî
ïîêàçàòü, ÷òî ýòî íåðàâåíñòâî ðàâíîñèëüíî

(tV − (x1 − y1))
2 + (x2 − y2)

2 6 t2C2 − x2
3,

òî åñòü K (x, t) � êðóã ñ öåíòðîì y1 = x1−tV ,
y2 = x2 ðàäèóñà

√
(tC)2 − x2

3 ïðè t > x3
C . Îò-

ìåòèì, ÷òî ýòîò æå êðóã çàäàåòñÿ íåðàâåí-
ñòâîì R (x,y, t) 6 tC.

Íàèìåíüøåå çíà÷åíèå ôóíêöèè t0 (x,y)
ïðè ôèêñèðîâàííûõ çíà÷åíèÿõ x è t äî-
ñòèãàåòñÿ ïðè y1 = x1 − Mx3, y2 = x2.
Ýòî ìèíèìàëüíîå çíà÷åíèå îáîçíà÷èì
τ0 = nx3

(
1−M2

)
= x3

C .
Âî âòîðîì ñëàãàåìîì ïðåäñòàâëåíèÿ (3.1)

ôóíêöèè ϕ0 (x, t) îáëàñòü èíòåãðèðîâàíèÿ â
òðåõìåðíîì ïðîñòðàíñòâå (y1, y2, τ) áåç ó÷å-
òà ôèíèòíîñòè ôóíêöèè γ (y1, y2, t− τ) ïðåä-
ñòàâëÿåò ñîáîé ãèïåðáîëîèä � ðàñøèðÿþ-
ùååñÿ êâåðõó âûïóêëîå âíèç ìíîæåñòâî ñ
íèæíåé òî÷êîé y1 = x1 − Mx3, y2 = x2,

τ = τ0, à ñå÷åíèÿ ýòîãî ãèïåðáîëîèäà ïëîñêî-
ñòÿìè τ = const ÿâëÿþòñÿ êðóãàìè K (x, τ),
öåíòðû êîòîðûõ ñ óâåëè÷åíèåì τ ñìåùàþò-
ñÿ âëåâî ñî ñêîðîñòüþ V . Â ïðåäåëå ïðè
x3 → 0 ãèïåðáîëîèä ïðåâðàòèòñÿ â îáû÷íûé
êîñîé êîíóñ. Âî âíóòðåííåì èíòåãðàëå íèæ-
íèé ïðåäåë èíòåãðèðîâàíèÿ ïî τ îïðåäåëÿåò-
ñÿ çíà÷åíèåì ôóíêöèè t0 (x,y) â äàííîé òî÷-
êå (y1, y2) ∈ K (x, t), òî åñòü èíòåãðàë ïî τ
áåðåòñÿ ïî îòðåçêó ïðÿìîé, ïðîõîäÿùåé ÷å-
ðåç òî÷êó (y1, y2) ïàðàëëåëüíî îñè τ , à èí-
òåãðèðîâàíèå âåäåòñÿ îò òî÷êè ïåðåñå÷åíèÿ
ýòîé ïðÿìîé ñ áîêîâîé ïîâåðõíîñòüþ ãèïåð-
áîëîèäà äî åãî âåðõíåãî îñíîâàíèÿ, êîòîðîå
â ïëîñêîñòè τ = t ÿâëÿåòñÿ êðóãîì K (x, t).

Ïîìåíÿåì ïîðÿäîê èíòåãðèðîâàíèÿ, âçÿâ
òåïåðü âíåøíèé èíòåãðàë ïî τ âäîëü âû-
ñîòû ãèïåðáîëîèäà îò τ0 äî t, à âíóòðåí-
íèé èíòåãðàë ïî êðóãó K (x, τ) ïðè êàæ-
äîì τ ∈ (τ0, t]. Íî ñíà÷àëà óïðîñòèì ïåð-
âûé èíòåãðàë â (3.1), äëÿ ÷åãî ïðåäñòà-
âèì îáëàñòü èíòåãðèðîâàíèÿ K (x, t) îáú-
åäèíåíèåì ïî τ ∈ (τ0, t] îêðóæíîñòåé,
îãðàíè÷èâàþùèõ êðóãè K (x, τ). Êàæäóþ
îêðóæíîñòü çàäàäèì óãëîâûì ïàðàìåòðîì
α ∈ [0, 2π): y1 = x1− τV +

√
(Cτ)2 − x2

3 cosα,

y2 = x2 +
√

(Cτ)2 − x2
3 sinα. Íàïîì-

íèì, ÷òî ïðè ôèêñèðîâàííîì çíà÷åíèè
τ òàêàÿ îêðóæíîñòü çàäàåòñÿ ðàâåíñòâîì
t0 (x,y) = τ , à çíà÷èò, âî âñåõ òî÷-
êàõ îêðóæíîñòè R (x,y, t0 (x,y)) = Cτ .
Ñîîòâåòñòâåííî íà ýòîé îêðóæíîñòè
r (x,y, t0 (x,y)) = Cτ −M

√
(Cτ)2 − x2

3 cosα.
ßêîáèàí ïåðåõîäà îò êîîðäèíàò

(y1, y2) ê êîîðäèíàòàì (τ, α) èìååò âèä
C2τ − V

√
(Cτ)2 − x2

3 cosα,

x3

4πC

t∫

τ0

2π∫

0

γ (t− τ, y1, y2)
1
τ

dαdτ.

Çäåñü äëÿ êðàòêîñòè ñîõðàíèì îáîçíà÷åíèÿ
àðãóìåíòîâ y1, y2, èìåÿ â âèäó èõ ïðåäñòàâ-
ëåíèÿ ÷åðåç τ è α.

Îáðàòèìñÿ òåïåðü êî âòîðîìó èí-
òåãðàëó â (3.1). Ïîñëå èçìåíåíèÿ ïî-
ðÿäêà èíòåãðèðîâàíèÿ ââåäåì â êàæ-
äîì êðóãå K (x, τ) ïîëÿðíûå êîîðäèíàòû
y1 = x1 − τV + ρ cosα, y2 = x2 + ρ sinα,
α ∈ [0, 2π), ρ ∈

[
0,

√
(Cτ)2 − x2

3

]
. ßêî-

áèàí òàêîé çàìåíû, êàê èçâåñòíî, åñòü
ρ. Â ïîëÿðíûõ êîîðäèíàòàõ ôóíêöèÿ
R (x,y, τ) =

√
ρ2 + x2

3. Âòîðîå ñëàãàåìîå â



30 Ãàéäåíêî Ñ.Â.

(3.1) ïðèíèìàåò âèä

x3

4π

t∫

τ0

√
(Cτ)2−x2

3∫

0

2π∫

0

γ
ρ

(
ρ2 + x2

3

)3/2
dαdρdτ.

Êàê âèäíî, çàâèñèìîñòü îò α åñòü òîëüêî
â ôóíêöèè γ (y1, y2, t− τ). Ââåäåì îáîçíà÷å-
íèå äëÿ ñðåäíåãî çíà÷åíèÿ ýòîé ôóíêöèè ïî
îêðóæíîñòè ðàäèóñà ρ ñ öåíòðîì

(
y0
1, y

0
2

)
â

ìîìåíò τ
Sρ [γ]

(
y0
1, y

0
2, τ

)
=

=
1
2π

2π∫

0

γ
(
y0
1 + ρ cosα, y0

2 + ρ sinα, τ
)
dα.

Â íîâûõ îáîçíà÷åíèÿõ ïðåäñòàâëåíèå ïîòåí-
öèàëà âîçìóùåííûõ ñêîðîñòåé áåçãðàíè÷íî-
ãî ïîòîêà ñëåäóþùåå

ϕ0 (x, t) =
x3

2C

t∫

τ0

1
τ
S√

(Cτ)2−x2
3

[γ] dτ+

+
x3

2

t∫

τ0

√
(Cτ)2−x2

3∫

0

Sρ [γ]
ρ

(
ρ2 + x2

3

)3/2
dρdτ.

(3.2)
Çäåñü â îáîèõ èíòåãðàëàõ àðãóìåíòû óñðåä-
íåíèé (x1 − V τ, x2, t− τ).

Â ÷àñòíîì ñëó÷àå êðûëà áåñêîíå÷íîãî
ðàçìàõà ïîñëåäíåå ïðåäñòàâëåíèå ñîâïàäàåò
ñ ïðèâåäåííûì â ðàáîòå [5], ãäå äëÿ åãî âûâî-
äà èñïîëüçîâàëñÿ ìåòîä, îñíîâàííûé íà ïðå-
îáðàçîâàíèÿõ Ëàïëàñà ïî âðåìåíè è Ôóðüå
ïî ïðîñòðàíñòâåííîé ïåðåìåííîé âäîëü ïî-
òîêà.

4. Ïðåäåëüíûå çíà÷åíèÿ íîðìàëüíîé
ïðîèçâîäíîé ïîòåíöèàëà
âîçìóùåííûõ ñêîðîñòåé

Äëÿ îïðåäåëåíèÿ ôóíêöèè γ íàäî èñïîëü-
çîâàòü óñëîâèå íåïðîòåêàíèÿ (1.2), êîòîðîå
çàäàíî äëÿ ïðîèçâîäíîé ïî x3 ïîòåíöèàëà
ñêîðîñòåé ïðè x3 = 0. Ýòî óñëîâèå íå ïðåäïî-
ëàãàåò äèôôåðåíöèðóåìîñòü ïî íîðìàëè ïî-
òåíöèàëà ñêîðîñòåé íà êðûëå. Îíî ïîíèìàåò-
ñÿ êàê ïðåäåë ïðè x3 → ±0 ñîîòâåòñòâóþùåé
ïðîèçâîäíîé.

Äëÿ ñóùåñòâîâàíèÿ è ÿâíîãî ïðåäñòàâëå-
íèÿ ýòîãî ïðåäåëà íåîáõîäèìà ãëàäêîñòü èñ-
êîìîé ôóíêöèè γ (x1, x2, τ). Èìåííî, ïðåäïî-
ëàãàåì, ÷òî ýòà ôóíêöèÿ äâàæäû íåïðåðûâ-
íî äèôôåðåíöèðóåìà ïî ñîâîêóïíîñòè ñâîèõ

àðãóìåíòîâ âî âñåõ âíóòðåííèõ òî÷êàõ îáëà-
ñòè D, èìååò âìåñòå ñ îáåèìè ïðîèçâîäíûìè
ïî âðåìåíè èíòåãðèðóåìóþ â D ìàæîðàíòó,
êîòîðàÿ ìîíîòîííà ïî x1 â îêðåñòíîñòè ïå-
ðåäíåé êðîìêè. Îáå ïðîèçâîäíûå ïî x2 ñ÷è-
òàåì ëîêàëüíî îãðàíè÷åííûìè âáëèçè ïåðåä-
íåé êðîìêè.

Ïðèâåäåì ïðåäåëüíûå çíà÷åíèÿ íîðìàëü-
íîé ïðîèçâîäíîé ïîòåíöèàëà âîçìóùåííûõ
ñêîðîñòåé äëÿ áåçãðàíè÷íîãî ïîòîêà [6].

Äëÿ ïðîèçâîëüíîé âíóòðåííåé òî÷êè
(x1, x2) îáëàñòè D îáîçíà÷èì ÷åðåç τ1 (x1, x2)
ìîìåíò âðåìåíè, êîãäà òî÷êà (x1 − V τ, x2)
äîñòèãàåò ïåðåäíåé êðîìêè êðûëà. Òîãäà äëÿ
ëþáîãî ìîìåíòà t < τ1 (x1, x2) ñïðàâåäëèâî
ðàâåíñòâî

lim
x3→0

∂ϕ0 (x, t)
∂x3

= − 1
2C

γ (x1, x2, t) +

+
1

2C

t∫

0

1
τ

(SCτ [γ]− γ) dτ+

+
1
2

t∫

0

Cτ∫

0

1
ρ2

(Sρ [γ]− γ) dρdτ.

Çäåñü àðãóìåíòû ôóíêöèè γ è åå óñðåä-
íåíèÿ Sρ[γ] â îáîèõ ñëàãàåìûõ îäèíàêî-
âû: (x1 − V τ, x2, t− τ), à ïîäûíòåãðàëü-
íûå ôóíêöèè îñîáåííîñòåé íå èìåþò,
òàê êàê ëîêàëüíî âî âíóòðåííèõ òî÷êàõ
Sρ[γ]− γ = O

(
ρ2

)
.

Ïîñêîëüêó äëÿ êàæäîé âíóòðåííåé òî÷êè
êðûëà (x1, x2) ìîìåíò τ1 âûõîäà (x1 − V τ, x2)
íà ïåðåäíþþ êðîìêó çàâèñèò îò áëèçîñòè
ýòîé òî÷êè ê ïåðåäíåé êðîìêå, òî âáëèçè
êðîìêè ïîëó÷åííîå ïðåäñòàâëåíèå ïðåäåëà
ñïðàâåäëèâî äëÿ çíà÷åíèé t, áëèçêèõ ê íóëþ.
Ïðèâåäåì èíîå ïðåäñòàâëåíèå ïðåäåëà, ñïðà-
âåäëèâîå äëÿ ëþáîãî ìîìåíòà âðåìåíè t > 0,

− 1
2C

γ (x1, x2, t)+

+
1
2

lim
δ→0

t∫

δ/C

{
1

Cτ
(SCτ [γ]− Sδ [γ])+

+

Cτ∫

δ

1
ρ2

(Sρ [γ]− Sδ [γ]) dρ



 dτ =

=
∂f

∂t
(x1, x2, t) + V

∂f

∂x1
(x1, x2, t) .

Çäåñü àðãóìåíòû âñåõ óñðåäíåíèé ïîä èíòå-
ãðàëàìè òå æå, ÷òî è âûøå, à ïðåäåë ïðè
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δ → 0 ñóùåñòâóåò â ñèëó íàëîæåííûõ íà
ôóíêöèþ γ ïðåäïîëîæåíèé.

Â çàäà÷å ñ ýêðàíîì â èíòåãðàëüíîì óðàâ-
íåíèè äîëæíà áûòü ó÷òåíà ïðîèçâîäíàÿ
ôóíêöèè ϕ0 (x, t) ïðè x3 = 2h, êîòîðàÿ âëèÿ-
åò íà ðåøåíèå ýòîãî óðàâíåíèÿ ïðè t > 2h

C .
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