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DYNAMIC PROBLEMS FOR COMPOSITE PIEZOELECTRICS WITH A SYSTEM OF ELECTRODES
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An e�ective analytical method is o�ered to study dynamic problems of electrical elasticity
for semi-bounded composite medium at the presence of a system of electrodes on the surface
and interfaces, the latter are arbitrary in number and combination.
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Áîëüøîå êîëè÷åñòâî òåîðåòè÷åñêèõ è ýêñ-
ïåðèìåíòàëüíûõ ðàáîò, ïîñâÿùåííûõ èçó÷å-
íèþ ÿâëåíèÿ ïüåçîýôôåêòà, îáóñëîâëåíî íå
òîëüêî ïîòðåáíîñòÿìè ôóíäàìåíòàëüíûõ èñ-
ñëåäîâàíèé, íî è øèðîêèìè âîçìîæíîñòÿìè
ïðèìåíåíèÿ ïüåçîýëåêòðèêîâ â ðàçëè÷íûõ
îáëàñòÿõ òåõíèêè. Òàê, íàïðèìåð, ó÷åò îñî-
áåííîñòåé ôîðìèðîâàíèÿ àêóñòè÷åñêèõ ïî-
ëåé â êðèñòàëëàõ ïîçâîëÿåò ñîçäàâàòü âûñî-
êîýôôåêòèâíûå ôèëüòðû è óñòðîéñòâà îáðà-
áîòêè ñèãíàëîâ, óñòðîéñòâà óïðàâëåíèÿ ëà-
çåðíûì èçëó÷åíèåì è ò. ä. Ñòðåìèòåëüíîå
ðàçâèòèå íàíîòåõíîëîãèé â ïîñëåäíèå ãîäû
âûçâàëî íîâóþ âîëíó èíòåðåñà ê ýòîé ïðîáëå-
ìàòèêå, ïîñêîëüêó èñïîëüçîâàíèå óíèêàëü-
íûõ ñâîéñòâ àêóñòè÷åñêèõ âîëí â ïüåçîýëåê-
òðè÷åñêèõ ñðåäàõ, â òîì ÷èñëå è ñîñòàâíûõ,
îòêðûâàåò ïåðñïåêòèâû äàëüíåéøåé ìèêðî-
ìèíèòþàðèçàöèè àêóñòîýëåêòðîííûõ ïðèáî-
ðîâ ñ ñîõðàíåíèåì èõ âûñîêîé íàäåæíîñòè.
Êðîìå òîãî, â ñîâðåìåííîì ìàòåðèàëîâåäå-
íèè èíòåíñèâíî âåäåòñÿ ïîèñê íîâûõ àêòèâ-
íûõ ïüåçîýëåêòðè÷åñêèõ ìàòåðèàëîâ è èõ
êîìïîçèöèé äëÿ ðåàëèçàöèè âîçìîæíîñòè öå-
ëåíàïðàâëåííîãî óïðàâëåíèÿ ñêîðîñòüþ çâó-
êà. Â ýòîé ñâÿçè àêòóàëüíûì ÿâëÿåòñÿ ñîçäà-
íèå ìåòîäîâ, ïîçâîëÿþùèõ àíàëèçèðîâàòü
ñòðóêòóðó è õàðàêòåðèñòèêè ðàñïðîñòðàíå-

íèÿ âîëíîâûõ ïîëåé â ñîñòàâíûõ ïüåçîýëåê-
òðè÷åñêèõ ñðåäàõ.

Äëÿ èññëåäîâàíèÿ ñîïðÿæåííûõ ìåõàíè-
÷åñêèõ è ýëåêòðè÷åñêèõ ïîëåé â ñëîèñòûõ
ýëåêòðîóïðóãèõ ìàòåðèàëàõ ñ ñèñòåìàìè ïî-
âåðõíîñòíûõ è âíóòðåííèõ ýëåêòðîäîâ íåîá-
õîäèìî óìåòü ñòðîèòü áëî÷íóþ ìàòðèöó-
ñèìâîë Ãðèíà äëÿ ñîñòàâíîé ñðåäû ñ ðàçðûâ-
íûìè ãðàíè÷íûìè óñëîâèÿìè íà ñòûêå ñëîåâ.

Ñ ýòîé öåëüþ â ðàáîòå íà ïðèìåðå àíòèï-
ëîñêèõ êîëåáàíèé ðàññìàòðèâàåòñÿ äèíàìè-
÷åñêàÿ çàäà÷à ýëåêòðîóïðóãîñòè äëÿ ïîëóî-
ãðàíè÷åííîé êóñî÷íî-îäíîðîäíîé ñðåäû ïðè
íàëè÷èè ñèñòåìû ýëåêòðîäîâ íà ïîâåðõíîñòè
è íà ãðàíèöàõ ðàçäåëà ñëî¼â. Âàæíåéøèì
ìîìåíòîì ïðè ðåøåíèè çàäà÷è ÿâëÿåòñÿ ïî-
ñòðîåíèå ôóíêöèîíàëüíî-ìàòðè÷íûõ ñîîòíî-
øåíèé, ñâÿçûâàþùèõ ìåõàíè÷åñêèå ïåðåìå-
ùåíèÿ è íàïðÿæåíèÿ, ýëåêòðè÷åñêóþ èíäóê-
öèþ è ïîòåíöèàë, à òàêæå èõ ñêà÷êè íà ãðà-
íèöàõ íåîäíîðîäíîñòåé, ïîçâîëÿþùèå îïðå-
äåëèòü äèíàìè÷åñêèå õàðàêòåðèñòèêè â ïðî-
èçâîëüíîé òî÷êå ñðåäû. Ýòè ñîîòíîøåíèÿ
ÿâëÿþòñÿ îñíîâîé ïîñòðîåíèÿ ñèñòåì èíòå-
ãðàëüíûõ óðàâíåíèé ñìåøàííûõ çàäà÷, äëÿ
ðåøåíèÿ êîòîðûõ ìîæíî ïðèìåíÿòü ìåòîä
ôèêòèâíîãî ïîãëîùåíèÿ, ìåòîä ôàêòîðèçà-
öèè èëè ÷èñëåííûå ìåòîäû. Äëÿ ïîñòðîå-
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íèÿ è èññëåäîâàíèÿ óêàçàííûõ ñîîòíîøåíèé
ðàçðàáîòàí âûñîêîýôôåêòèâíûé àíàëèòè÷å-
ñêèé ìåòîä [1�3], îñíîâàííûé íà èñïîëüçî-
âàíèè ñïåöèàëüíîãî ïðåäñòàâëåíèÿ ðåøåíèÿ
äëÿ îäíîãî ñëîÿ [4]. Ìåòîä ïîçâîëÿåò àíà-
ëèòè÷åñêè èññëåäîâàòü ñòðóêòóðó ñîïðÿæåí-
íûõ ïîëåé â ýëåêòðîóïðóãèõ ñðåäàõ ñ ïðîèç-
âîëüíûì êîëè÷åñòâîì ñëî¼â è ïðîèçâîëüíûì
ñî÷åòàíèåì íåïðåðûâíûõ è ðàçðûâíûõ ãðà-
íè÷íûõ óñëîâèé.

1. Ïîñòàíîâêà çàäà÷è

Ðàññìîòðèì çàäà÷ó î ãàðìîíè÷åñêèõ
êîëåáàíèÿõ ïàêåòà èç N ïëîñêîïàðàë-
ëåëüíûõ ýëåêòðîóïðóãèõ ñëîåâ òîëùèíû
H = 2(h1 + h2 + . . . + hN ), çàíèìàþùåãî
îáúåì −H 6 y 6 0, −∞ 6 x, z 6 +∞ (hk �
ïîëóòîëùèíà k-ãî ñëîÿ). Íà ãðàíèöàõ ñìåíû
ôèçèêî-ìåõàíè÷åñêèõ ñâîéñòâ ñëîåâ èìåþò-
ñÿ âêëþ÷åíèÿ òèïà âíóòðåííèõ ýëåêòðîäîâ,
ðàñïîëîæåííûå â îáëàñòÿõ

Ωk :{
y = −2

k∑

j=1

hj , ak 6 x 6 bk, −∞ < z < +∞
}

,

k = 1, 2, . . . , N − 1.

Ïîâåðõíîñòü ñðåäû ýëåêòðîäèðîâàíà (ïîêðû-
òà áåñêîíå÷íî òîíêèì ìåòàëëè÷åñêèì ñëîåì)
è ïîäâåðãàåòñÿ ìåõàíè÷åñêîìó è ýëåêòðè÷å-
ñêîìó âîçäåéñòâèþ, õàðàêòåðèçóåìîìó âåê-
òîðîì, èìåþùèì ñâîèìè êîìïîíåíòàìè ñî-
ñòàâëÿþùèå âåêòîðà ìåõàíè÷åñêîãî óñèëèÿ
è íîðìàëüíóþ ñîñòàâëÿþùóþ âåêòîðà ýëåê-
òðè÷åñêîé èíäóêöèè, êîòîðûå ìîãóò áûòü çà-
äàííûìè, ëèáî îïðåäåëÿòüñÿ èç ðåøåíèÿ êîí-
òàêòíîé çàäà÷è. Íèæíÿÿ ãðàíü ïàêåòà æåñò-
êî ñöåïëåíà ñ íåäåôîðìèðóåìûì îñíîâàíèåì,
ìåòàëëèçèðîâàíà è çàêîðî÷åíà.

Áóäåì ñ÷èòàòü, ÷òî ýëåêòðîóïðóãèå ñëîè
ïðèíàäëåæàò êëàññó 6mm ãåêñàãîíàëüíîé
ñèíãîíèè (ïüåçîêåðàìèêà, ïîëÿðèçîâàííàÿ
âäîëü îñè z). Â ýòîì ñëó÷àå èìååì àíòèïëîñ-
êóþ çàäà÷ó î ñäâèãîâûõ êîëåáàíèÿõ, â êîòî-
ðîé çàäàííûå è èñêîìûå âåêòîðíûå âåëè÷è-
íû èìåþò òîëüêî äâå ñîñòàâëÿþùèå, íå çàâè-
ñÿùèå îò êîîðäèíàòû z

tk =
{
tk(x), dk(x)

}
e−iωt,

k = 1, 2, . . . , N,

wk =
{
wk(x, y), ϕk(x, y)

}
e−iωt,

∆tk =
{
∆tk(x), ∆dk(x)

}
e−iωt.

Çäåñü tk � âåêòîðû, õàðàêòåðèçóþùèå âçà-
èìîäåéñòâèå ìåæäó ñëîÿìè (tk � ñäâèãî-
âûå íàïðÿæåíèÿ, dk � íîðìàëüíàÿ êîì-
ïîíåíòà âåêòîðà ýëåêòðè÷åñêîé èíäóêöèè);
wk � âåêòîð, êîìïîíåíòàìè êîòîðîãî ÿâëÿ-
þòñÿ ñìåùåíèÿ wk òî÷åê k-ãî ñëîÿ è ýëåê-
òðè÷åñêèé ïîòåíöèàë ϕk; ∆tk � âåêòîð,
êîìïîíåíòû êîòîðîãî ∆tk(x) � ñêà÷îê íà-
ïðÿæåíèé, ∆dk(x) � ñêà÷îê ýëåêòðè÷åñêîé
èíäóêöèè ïðè ïåðåõîäå ÷åðåç âêëþ÷åíèå,
∆tk = tk+1 − tk; t � âðåìÿ, ω � ÷àñòîòà êî-
ëåáàíèé.

Íà ïîâåðõíîñòè ñðåäû è íà ãðàíèöàõ ðàç-
äåëà ñëîåâ çàäàíû ñìåøàííûå óñëîâèÿ

y = 0 : w(x, 0) = w0(x)e−iωt,

x ∈ Ω0, t0 = 0, x /∈ Ω0;

y = −2
k∑

j=1

hj : (1.1)





w = wk(x)e−iωt, x ∈ Ωk,

∆tk(x) = 0, x /∈ Ωk,

k = 1, 2, . . . , N − 1;

y = −H : w (x,−H) = 0, −∞ < x, z < ∞.

Åñëè íà ïîâåðõíîñòè ñðåäû è íà ãðàíèöàõ
ðàçäåëà ñëîåâ èìååòñÿ íå îäèí, à íåñêîëü-
êî ýëåêòðîäîâ, çàíèìàþùèõ îáëàñòè Ω0l,
l = 1, 2, . . . , M0 è Ωkm, k = 1, 2, . . . , N − 1,
m = 1, 2, . . . , Mk, òî ãðàíè÷íûå óñëîâèÿ íà
âåðõíåé ãðàíè è íà ñòûêå ñëîåâ ïåðåïèøóòñÿ
â âèäå

y = 0 :
{

w = w0l(x)e−iωt, x ∈ Ω0l,

t0l = 0, x /∈ Ω0l,

y = −2
k∑

j=1

hj : (1.2)

{
w = wkm(x)e−iωt, x ∈ Ωkm,

∆tkm(x) = 0, x /∈ Ωkm,

ãäå Mk � êîëè÷åñòâî äåôåêòîâ â k-îé ïëîñ-
êîñòè ðàçäåëà ñëîåâ.

Â äàëüíåéøåì âðåìåííîé ìíîæèòåëü
e− iωt âñþäó îïóùåí è ðàññìàòðèâàþòñÿ àì-
ïëèòóäíûå çíà÷åíèÿ çàäàííûõ è èñêîìûõ
ôóíêöèé.
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2. Ïîñòðîåíèå îñíîâíûõ
ìàòðè÷íî-ôóíêöèîíàëüíûõ

ñîîòíîøåíèé

Ââåäåì ëîêàëüíóþ ñèñòåìó êîîðäèíàò
äëÿ êàæäîãî ñëîÿ

xk = x, yk = y + 2
k−1∑

m=1

hm + hk,

−hk 6 yk 6 hk, k = 1, 2, . . . , N.

Çàäà÷à ñâîäèòñÿ ê îïðåäåëåíèþ àìïëè-
òóäíûõ ôóíêöèé ìåõàíè÷åñêèõ ñìåùå-
íèé wk(x, y) è ýëåêòðè÷åñêîãî ïîòåíöèàëà
ϕkt(x, y) â k-îì ñëîå èç ñèñòåìû äèôôåðåí-
öèàëüíûõ óðàâíåíèé ðàçìåðíîñòè 2×N , êî-
òîðàÿ â áåçðàçìåðíûõ âåëè÷èíàõ èìååò âèä

∆wk(x, y) + ek∆ϕk(x, y)+

+ ω2
kwk(x, y) = 0, (2.1)

ek∆wk(x, y)− εk∆ϕk(x, y) = 0,

k = 1, 2, . . . , N. (2.2)

Çäåñü

ω2
k =

ρkω
2b2

ck
44

, ek =
lek

15

ck
44

, εk =
l2εk

11

ck
44

� áåçðàçìåðíûå âåëè÷èíû; ck
44, ek

15, εk
11, ρk �

óïðóãàÿ è ïüåçîýëåêòðè÷åñêàÿ ïîñòîÿííûå,
äèýëåêòðè÷åñêàÿ ïðîíèöàåìîñòü, ïëîòíîñòü
k-ãî ñëîÿ ñîîòâåòñòâåííî; ∆ � äâóìåðíûé
îïåðàòîð Ëàïëàñà; b � õàðàêòåðíûé ëèíåé-
íûé ðàçìåð; l èìååò ðàçìåðíîñòü ýëåêòðè÷å-
ñêîãî ïîëÿ. Ïåðåìåùåíèÿ îòíåñåíû ê b, ýëåê-
òðè÷åñêèé ïîòåíöèàë � ê lb.

Äëÿ ïîñòðîåíèÿ ðåøåíèÿ óêàçàííîé ñè-
ñòåìû â ïðåäïîëîæåíèè óñòàíîâèâøèõñÿ êî-
ëåáàíèé ïðåäâàðèòåëüíî íåîáõîäèìî ñôîð-
ìóëèðîâàòü îäíîðîäíûå ãðàíè÷íûå óñëîâèÿ.

Ïðåäïîëîæèì, ÷òî íà ïîâåðõíîñòè ñðåäû
çàäàíî äèíàìè÷åñêîå âîçäåéñòâèå, õàðàêòå-
ðèçóåìîå âåêòîðîì t0

y1 = h1 : t = t0 (x) , x ∈ (−∞,∞).

Íà ãðàíèöàõ ðàçäåëà ñëî¼â yk = −hk èìåþò
ìåñòî íåïðåðûâíûå óñëîâèÿ äëÿ âåêòîðà wk

è ðàçðûâíûå äëÿ âåêòîðà tk

yk = −hk : wk (x,−hk) = wk+1 (x, hk+1) ,

tk+1 (x) = tk (x) + ∆tk(x), x ∈ (−∞,∞).

Íà íèæíåé ãðàíè ïàêåòà ñëî¼â âûïîëíÿþòñÿ
óñëîâèÿ æ¼ñòêîé çàäåëêè è ìåòàëëèçàöèè

yN = −hN :
wN (x,−hN ) = 0, x ∈ (−∞,∞).

Åñëè ñðåäà ïðåäñòàâëÿåò ñîáîé ïàêåò ñëî-
åâ, æ¼ñòêî ñöåïë¼ííûé ñ ýëåêòðîóïðóãèì ïî-
ëóïðîñòðàíñòâîì, òî ïîñëåäíåå ñîîòíîøåíèå
ñëåäóåò çàìåíèòü óñëîâèåì

wN (x, yN − hN ) → 0, hN →∞.

Ââåäåì îïåðàòîð ïðåîáðàçîâàíèÿ Ôóðüå ïî
ïåðåìåííîé x

F t(x) =

+∞∫

−∞
t (x) eiαxdx = T (α) .

Òîãäà ðåøåíèå óðàâíåíèé (2.1), (2.2) äëÿ k-
ãî ñëîÿ áóäåò îïðåäåëÿòüñÿ âûðàæåíèåì (â
òðàíñôîðìàíòàõ Ôóðüå)

Wk(yk) =
1
ck

[
B+(yk)Tk−1+

+ B−(yk)(Tk + ∆Tk)
]
, (2.3)

ãäå T0 = F t0, Tk = F tk, Wk = Fwk,
∆Tk = F∆tk, ck = ck

44/c1
44. Ìåõàíè÷åñêèå íà-

ïðÿæåíèÿ îòíåñåíû ê c1
44, ýëåêòðè÷åñêàÿ èí-

äóêöèÿ � ê l/c1
44.

Òàê êàê íà ãðàíèöàõ ðàçäåëà ñëîåâ èìåþò
ìåñòî íåïðåðûâíûå ãðàíè÷íûå óñëîâèÿ äëÿ
ïåðåìåùåíèé è ýëåêòðè÷åñêîãî ïîòåíöèàëà,
òî óñëîâèÿ ñòûêîâêè ñëîåâ èìåþò âèä

Wk(−hk) = Wk+1(hk+1), (2.4)

k = 1, 2, . . . , N − 1,

à óñëîâèå íà íèæíåé ãðàíè ïàêåòà ñëîåâ

WN (−hN ) = 0. (2.5)

Ãðàíè÷íûå óñëîâèÿ (2.4), (2.5), ñ ó÷åòîì (2.3)
ïðèâîäÿò ê ðåêóððåíòíûì ôîðìóëàì äëÿ
îïðåäåëåíèÿ âåêòîðîâ Tk

Tk = F−1
k GkTk−1 − (Λk + ∆Tk) , (2.6)

k = 1, 2, . . . , N.

Λk = gkF−1
k

(
B−(hk+1)Λk+1+

+ RN−k(hk+1)∆Tk

)
,

ΛN = 0, ∆TN = 0.
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Çäåñü ââåäåíû ñëåäóþùèå îáîçíà÷åíèÿ:

Fk(hk, . . . , hN ) =
= B−(−hk)− gkRN−k(hk+1, . . . , hN ),

k = 1, 2, . . . .N − 1,

FN (hN ) = B−(−hN ), gk =
ck

ck+1
, (2.7)

Gk = −B+(−hk), k = 1, 2, . . . , N,

RN−k+1 (hk) ≡ RN−k+1(hk, hk+1, . . . , hN ) �
ìàòðèöû-ñèìâîëû Ãðèíà ïàêåòà k ñëîåâ áåç
äåôåêòîâ, îïðåäåëÿåìûå ïî ôîðìóëå [3]

RN−k+1 (hk) =

= B+(hk) + B+(hk)F−1
k Gk. (2.8)

Ïîëàãàÿ â (2.6) ïîñëåäîâàòåëüíî k = 1, 2, . . . , N ,
îïðåäåëèì âåêòîð Tk, äåéñòâóþùèé íà k-ûé
ñëîé ÷åðåç ïîâåðõíîñòíóþ íàãðóçêó T0 è
ñêà÷êè ∆Tk íà áåðåãàõ âêëþ÷åíèÿ

Tk =
1∏

j=k

F−1
j GjT0−

−
k∑

m=2

m∏

j=k

F−1
j Gj (Λm−1 + ∆Tm−1)−

− (Λk + ∆Tk) . (2.9)

Ïîäñòàâëÿÿ ýòî âûðàæåíèå â ôîðìóëó (2.3),
îïðåäåëèì âåêòîð Wk (ñìåùåíèÿ òî÷åê è
ýëåêòðè÷åñêèé ïîòåíöèàë â k-ì ñëîå )

W1 (y1) =
1
c1
{RN (y1)T0 −B−(y1)Λ1} ,

Wk(yk) =

=
1
ck

{
RN−k+1(yk)

[
1∏

j=k−1

F−1
j GjT0−

− (Λk−1 + ∆Tk−1)−

−
k−1∑

m=2

m∏

j=k−1

F−1
j Gj (Λm−1 + ∆Tm−1)

]
−

−B−(yk)Λk

}
, (2.10)

k = 2, . . . , N.

Ñîîòíîøåíèÿ (2.9) ïðåäñòàâèìû â âèäå

Tk = Yk1T0 +
N−1∑

m=1

L0
km∆Tm. (2.11)

Çäåñü ïðèíÿòû îáîçíà÷åíèÿ

Ykm =





m∏
i=k

(
F−1

i Gi

)
, m > k,

I, m < k,

L0
km =





A1m, k = 1,
YkkL0

(k−1)m, k > m,

YkkL0
(k−1)m + Akm, k 6 m,

Akm =

= −S−1
k

m∏

i=k

Si

[
F−1

m B− (−hm)− (1− δkm) I
]
,

Sk =
{

I, k = 1,
gk−1F−1

k−1B− (hk) , k = 2, . . . , N,

δkm =
{

1, m = k,
0, m 6= k,

I � åäèíè÷íàÿ ìàòðèöà.
Ïðåîáðàçóåì ðåøåíèå (2.10) ê âèäó, áîëåå

óäîáíîìó äëÿ ïîñòðîåíèÿ ñèñòåì èíòåãðàëü-
íûõ óðàâíåíèé (ÑÈÓ) ñìåøàííîé çàäà÷è â
ñëó÷àå áîëüøîãî ÷èñëà âêëþ÷åíèé

Wk (yk) =
1
ck

RN−k+1 (yk)×

×
[
Y(k−1)1T0 − Zk

N−1∑

m=1

P0
km∆Tm

]
, (2.12)

Zk = δ1kR−1
N (y1)+(1− δ1k) I, k = 1, 2, . . . , N,

P0
km =





−B−(y1)A1m, k = 1,
L0

(k−1)m −B−(yk)Akm, m > k − 1,

L0
(k−1)m, m 6 k − 1.

Ïðèìåíÿÿ ê (2.12) îáðàòíîå ïðåîáðàçîâàíèå
Ôóðüå, ïîëó÷èì èíòåãðàëüíîå ïðåäñòàâëåíèå
ðåøåíèÿ, ïîçâîëÿþùåå îïðåäåëèòü ñìåùåíèÿ
wk (x, y) è ýëåêòðè÷åñêèé ïîòåíöèàë ϕk (x, y)
â k-îì ñëîå.

Ñîîòíîøåíèÿ (2.12) ÿâëÿþòñÿ èñêîìû-
ìè ìàòðè÷íî-ôóíêöèîíàëüíûìè ñîîòíîøå-
íèÿìè ïðè ìîäåëèðîâàíèè ýëåêòðîóïðóãîãî
ìàòåðèàëà ïàêåòîì N ñëîåâ ñ âêëþ÷åíèÿìè
íà èõ ñòûêàõ, ïîçâîëÿþùèìè ïîñòðîèòü ÑÈÓ
ñìåøàííîé çàäà÷è (1.1) èëè (1.2), ñâÿçûâàþ-
ùèõ ïåðåìåùåíèÿ è ýëåêòðè÷åñêèé ïîòåíöè-
àë ñî ñêà÷êàìè íàïðÿæåíèé è ýëåêòðè÷åñêîé
èíäóêöèè íà ãðàíèöàõ âêëþ÷åíèé.
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Åñëè ïîâåðõíîñòü ñâîáîäíà îò óñèëèé è
ÿâëÿåòñÿ íåïðîâîäÿùåé, òî èìååì

Tk =
N−1∑

m=1

L0
km∆Tm,

Wk (yk) = − 1
ck

RN−k+1 (yk)Zk

N−1∑

m=1

P0
km∆Tm.

Ïîëàãàÿ â (2.11), (2.12) ∆Tk = 0, ïðèõîäèì ê
ñëó÷àþ èäåàëüíîãî êîíòàêòà ìåæäó ñëîÿìè

Tk = Yk1T0,

Wk (yk) =
1
ck

RN−k+1 (yk)Y(k−1)1T0.

Ñ ïîìîùüþ (2.11), (2.12) ìîæíî ðåøàòü è
äðóãèå ÷àñòíûå çàäà÷è, íàïðèìåð, êîãäà îäíî
èëè íåñêîëüêî ýòàæíî-ðàñïîëîæåííûõ âêëþ-
÷åíèé âíóòðè îäíîðîäíîãî ñëîÿ îðèåíòèðî-
âàíû ïàðàëëåëüíî åãî ãðàíèöàì. Äëÿ ýòîãî â
èñõîäíîé çàäà÷å íåîáõîäèìî ïîëîæèòü ðàâ-
íûìè ôèçèêî-ìåõàíè÷åñêèå ïàðàìåòðû äëÿ
âñåõ ñëîåâ, íà ñòûêàõ êîòîðûõ íàõîäÿòñÿ
âêëþ÷åíèÿ. Â ýòîì ñëó÷àå òîëùèíû 2hk ýòèõ
ñëîåâ îïðåäåëÿþò ãëóáèíó çàëåãàíèÿ âêëþ-
÷åíèé è ðàññòîÿíèÿ ìåæäó íèìè.

Ñèñòåìà ôóíêöèîíàëüíî-ìàòðè÷íûõ ñî-
îòíîøåíèé, ñâÿçûâàþùèõ â òðàíñôîðìàíòàõ
Ôóðüå âåêòîðû Wk(hk), õàðàêòåðèçóþùèå
ïåðåìåùåíèÿ è ýëåêòðè÷åñêèé ïîòåíöèàë íà
âåðõíåé ãðàíè k-ãî ñëîÿ (k = 1, 2, . . . N), âåê-
òîðû ∆Tm (m = 1, 2, . . . N−1), îïèñûâàþùèå
ñêà÷êè íàïðÿæåíèé è ýëåêòðè÷åñêîé èíäóê-
öèè íà ãðàíèöàõ âêëþ÷åíèé è âåêòîð âíåø-
íåãî âîçäåéñòâèÿ íà ïîâåðõíîñòè ñðåäû T0

ìåòîäîì ðàáîòû [1] ïîëó÷åíà â ôîðìå

KU = V, (2.13)

V = (W1,W2, . . . ,WN ),

U = (T0, ∆T1, ∆T2, . . . ,∆TN−1).

Çäåñü Wk = {Wk,Φk}, T0 = {T0, D0},
∆Tk = {∆Tk, ∆Dk} � òðàíñôîðìàíòû Ôó-
ðüå âåêòîðîâ wk = {wk, ϕk}, t0 = {t0, d0},
∆tk = {∆tk, ∆dk}.

Ýëåìåíòàìè áëî÷íîé ìàòðèöûK = (Kkm),
k,m = 1, 2, . . . , N ÿâëÿþòñÿ ìàòðèöû-ôóíê-
öèè

K11 = RN (h1) ≡ RN (h1, . . . , hN ),

K1m = B−(h1)P2mLm−1,

Kk1 = RN−k+1(hk)Dk1,

Kkm =

(
RN−k+1(hk)

k∏

s=2

DksPsm+

+ B−(hk)P(k+1)m

)
Lm−1, k < m, (2.14)

Kkm = RN−k+1(hk)×

×
(

m∏

s=2

DksPsmLm−1 + Dkm

)
, (2.15)

k > m,

ïðè ýòîì

Dkm =





m∏

i=k−1

F−1
i Gi, k > m,

I, k = m,

Pkm =
m−1∏

i=k

gi−1F−1
i−1B−(hi),

Lm = gmF−1
m RN−m(hm+1).

Ìàòðèöû Fk, Gk, Rk äàþòñÿ ôîðìóëàìè
(2.7), (2.8).

Áàçîâûå ìàòðèöû B± (hk), ÷åðåç êîòîðûå
âûðàæàþòñÿ âñå îñòàëüíûå ìàòðèöû, âõîäÿ-
ùèå â ìàòðè÷íî-ôóíêöèîíàëüíûå ñîîòíîøå-
íèÿ (2.13), (2.14), èìåþò ñòðóêòóðó

B±(hk) =

(
n±1 (hk) ek

εk
n±1 (hk)

ek
εk

n±1 (hk)
e2
k

ε2
k
n±1 (hk)− 1

εk
n±2 (hk)

)
.

Ýëåìåíòû ìàòðèö B± çàâèñÿò îò ïàðàìåò-
ðà α ïðåîáðàçîâàíèÿ Ôóðüå ïî ïåðåìåííîé x,
÷àñòîòû êîëåáàíèé ω è ôèçèêî-ìåõàíè÷åñêèõ
ïàðàìåòðîâ ñðåäû.

Ôóíêöèè n±j (hk) ïðåäñòàâèìû â âèäå îò-
íîøåíèÿ öåëûõ ôóíêöèé

n±1 (hk) =
n±10(hk)
∆10(hk)

, n±2 (hk) =
n±20(hk)
∆20(hk)

,

n+
10 = ch(2hkσk), n−10 = −1,

n+
20 = ch(2αhk), n−20 = −1,

∆10 = σk

(
1 + κ2

0k

)
sh(2σhk),

∆20 = α sh(2αhk).

Çäåñü

σ2
k = α2 − ω2

k

1 + κ2
0k

, κ2
0k =

e2
k

εk
,

Ïåðåõîä ê ñëîèñòîìó ïîëóïðîñòðàíñòâó îñó-
ùåñòâëÿåòñÿ àíàëîãè÷íî èçëîæåííîìó â [2].
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3. Ïåðåõîä ê ñìåøàííîé çàäà÷å

Åñëè íà ïîâåðõíîñòè ñðåäû è íà ñòû-
êàõ ñëîåâ èìåþò ìåñòî ñìåøàííûå ãðàíè÷-
íûå óñëîâèÿ (1.2), çàïèñàííûå â ëîêàëüíûõ
êîîðäèíàòàõ

y1 = h1 :
w1 = w0l (x) , x ∈ Ω0l; t0l = 0, x /∈ Ω0l,

yk = −hk :
wkm (x) = w(k+1)m (x) , x ∈ Ωkm;

∆tkm = 0, x /∈ Ωkm,

yN = −hN : wN = 0, −∞ < x < ∞,

òî íà îñíîâå ñîîòíîøåíèé (2.13), (2.14) ëåãêî
âûïèñûâàþòñÿ ÑÈÓ äèíàìè÷åñêîé ñìåøàí-
íîé çàäà÷è îòíîñèòåëüíî íåèçâåñòíûõ âåêòî-
ðîâ ñêà÷êîâ íàïðÿæåíèé, ýëåêòðè÷åñêîé èí-
äóêöèè íà ãðàíèöàõ âêëþ÷åíèé è êîíòàêò-
íûõ íàïðÿæåíèé, ïëîòíîñòè ðàñïðåäåëåíèÿ
çàðÿäîâ íà ïîâåðõíîñòè ñðåäû.

Ââåäåì èíòåãðàëüíûå ìàòðè÷íûå îïåðà-
òîðû

K̃(Ω)t =
∫

Ω

k (x− ξ) t (ξ) dξ,

k (x) =
1
2π

∫

δ

K (α) e−iαxdα,

Lq(t0l, ∆tkm) =
M0∑

l=1

K̃q1(Ω0l)t0l+

+
N−1∑

k=1

Mk∑

m=1

K̃q(k+1)(Ωkm)∆tkm,

q = 1, 2, . . . , N.

Âûáîð êîíòóðà δ äèêòóåòñÿ ïðèíöèïîì èç-
ëó÷åíèÿ [5]. Áëî÷íóþ ìàòðèöó K (α) ñ
ýëåìåíòàìè-ìàòðèöàìè Kkm (α) (2.14) áó-
äåì íàçûâàòü ìàòðèöåé-ñèìâîëîì ïîñòðîåí-
íîé ÑÈÓ.

Â ïðèíÿòûõ îáîçíà÷åíèÿõ ÑÈÓ, èìåþùàÿ
ðàçìåðíîñòü M + M0 (M = M1 + M2 + . . .
. . . + MN−1 � îáùåå êîëè÷åñòâî âêëþ÷åíèé
â ñðåäå, M0 � êîëè÷åñòâî ýëåêòðîäîâ íà ïî-
âåðõíîñòè), çàïèøåòñÿ â âèäå

L1(t0l,∆tkm) = w0s (x) ,

x ∈ Ω0s, s = 1, 2, . . . , M0;

Lp+1(t0l,∆tkm) = wpn (x) ,

x ∈ Ωpn, n = 1, 2, . . . , Mp,

p = 1, 2, . . . , N − 1.

Çäåñü Ω0s � îáëàñòè êîíòàêòà øòàìïîâ-
ýëåêòðîäîâ ñ ïîâåðõíîñòüþ ñðåäû,
Ωpn � îáëàñòè, çàíèìàåìûå ýëåêòðîäàìè-
âêëþ÷åíèÿìè â ïëîñêîñòÿõ yp = −hp; w0s,
wpn � çàäàííûå àìïëèòóäíûå âåêòîðû, èìå-
þùèå ñâîèìè êîìïîíåíòàìè ñäâèãîâûå ïåðå-
ìåùåíèÿ è ýëåêòðè÷åñêèé ïîòåíöèàë.

Ïîëó÷åííûå óðàâíåíèÿ ïîçâîëÿþò èññëå-
äîâàòü ðàçíûå àñïåêòû äèíàìèêè ñëîèñòî-
ãî ïüåçîýëåêòðè÷åñêîãî ìàòåðèàëà ñ ó÷åòîì
ñâÿçàííîñòè ýëåêòðè÷åñêèõ è ìåõàíè÷åñêèõ
ïîëåé.

Ïîëàãàÿ ∆tkm = 0 äëÿ âñåõ k = 1, 2, . . . ,
N −1, ïðèõîäèì ê çàäà÷å äëÿ ìíîãîñëîéíîãî
ìàòåðèàëà áåç äåôåêòîâ è èçâåñòíîìó ìàò-
ðè÷íîìó ÈÓ ñâåðòêè [4]

M0∑

l=1

K̃11(Ω0l)t0l = w0s(x), (3.1)

x ∈ Ω0s, s = 1, 2, . . . , M0.

Åñëè ïðèíÿòü t0l = 0, ïîëó÷èì äèíàìè÷å-
ñêóþ çàäà÷ó î êîëåáàíèÿõ ñëîèñòîé ýëåêòðî-
óïðóãîé ñðåäû, âûçâàííûõ âèáðàöèåé òîëü-
êî âêëþ÷åíèé è ñîîòâåòñòâóþùóþ åé ñèñòåìó
ìàòðè÷íûõ ÈÓ

N−1∑

k=1

Mk∑

m=1

K̃(p+1)(k+1) (Ωkm)∆tkm =

= wpn (x) , x ∈ Ωpn, (3.2)

n = 1, 2, . . . ,Mp, p = 1, 2, . . . , N − 1.

Â ñëó÷àå ðàñïîëîæåíèÿ íà ãðàíèöàõ ðàçäåëà
ñëîåâ ïî îäíîìó âêëþ÷åíèþ ÑÈÓ (3.2) óïðî-
ùàåòñÿ è ïðèíèìàåò âèä

N−1∑

k=1

K̃(p+1)(k+1) (Ωk) ∆tk = wp (x) ,

x ∈ Ωp, p = 1, 2, . . . , N − 1.

Ðåøåíèå ÈÓ âèäà (3.1), ïîñòðîåíî ìåòîäîì
ôèêòèâíîãî ïîãëîùåíèÿ â [4].
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