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Abstract. Let us consider the following problem of celestial mechanics. A zero-mass point
moves under a gravitational acceleration P( to a central body of finite mass, and a disturbing
acceleration P. The last vector is constant in an accompanying reference frame with axes directed
along the radius, the transversal, and the angular momentum vector. Earlier this problem has
been transformed using averaging method. In more exact terms a change of variables excluding
short-periodic harmonics has been found (in the first approximation with respect to the ratio
|P|/|Pol). So the differences between osculating and mean elements were obtained explicitly, as
well as the equations of motion in mean elements. A problem of evaluating the magnitude of
short-periodic harmonics arises. It is not difficult to evaluate them for each element. But we need
to do it in the coordinate space, not in the space of elements. Meanwhile the standard estimate of
a coordinates increment via an elements increment is drastically rough. In the present paper we
succeed to obtain an exact estimate using Euclidean (mean-squared) norm of a variance. For this a
relatively simple expression for the squared variance of the radius-vector via variances of elements
was firstly derived. It was applied to estimate the norm || dr || (difference of position vectors on
the osculating and mean orbit) in the above problem. It turns out that ||dr ||? is a weighted sum
of squared components of P, and the corresponding coefficients depend on semi-major axis and
eccentricity of the mean orbit only. The results are applied to the two real problems on the motion

of sputniks, and of asteroids.

Keywords: Euclidean (mean-squared) norm of a variance, osculating orbit, disturbing acceleration,

short-periodic perturbations.

BBenenune

B nmocnenmee BpeMsi MOABUIIOCH HECKOJIBKO
paboT, TOCBAIIEHHBIX ABUKEHUIO TOYKHA HYJIe-
BOil Macchl A 10J JIeiCTBUEM HPUTSYKEHUA K
[EHTPaJIbHOMY Teay S U BO3ZMYIIAIOIIETO YCKO-
peHus, KOMIIOHEHTBI KOTOPOT'O MOCTOSIHHBI B OJI-
HOW U3 ABYX COILyTCTBYIOIIUX CUCTEM OTCYETAa,
CBSI3aHHBIX C PaJNyC-BEKTOPOM WJIA BEKTOPOM
ckopoctu [1-4]. MeTtomom ocpeanenust 5] tam
HailIeHbI 3aMKHYTbIe (POPMYJIBI IIE€PEXoa OT
OCKYJIUPYIOIIUX K CPeIHnM 3jieMeHTaM. MHbI-
MU CJIOBaMHU, HalJeHbl KOPOTKOIIEPUOINIECKHE
BO3MYIIEHUS 3JIEMEHTOB. B IpakTuyeckux 3aja-
qax TpebyeTcs oleHuTh ux Hopmy. Ee Beamunna
HOKa3bIBaeT, Hy?KHO JI1 YYUTBHIBATH ITU BO3MY-

[EHNs, WK UMHU MOXKHO IIpEeHEOpedb. DTOMY
IIOCBSIIEHA HACTOSAIIAs CTAThS.

1. CmellteHre OCKYJIHPYIOIEeil opOouThI
OTHOCHUTEJIBHO CpeaHeil

ITycts Touka mHymeBo#t Macchl A JIBUIKET-
cs 1o, JEHCTBUEM TPUTSXKEHUS K [EHTPAJb-
HOMY TeJly S U BO3MYIIAOIIEro ycKopeHus. Bee-
JieM HewHepIuajbHyo cucremy orcaera O ¢
HadaJioM B S W C OCSIMH, HAIPABJIEHBIMHU II0
paJinycy-BeKTOpy, TpaHCcBepcasn (IepeH Ky~
JISIDY K PaJInyCy-BEKTOPY B IIJIOCKOCTH OCKYJIU-
pyrotreil OpoUTHI B CTOPOHY [BIKEHMUST) T GHHOD-
MaJii (HAIIPaBJIEHHON TI0 BEKTOPY ILIOMIAIE ).
[Tycts kommonenTst S, T, W BekTOpa BO3MYyIIa-
IOIEr0 YCKOPEHUST MOCTOSTHHBI, & UX OTHOIIEHHE
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K OCHOBHOMY yCKODEHHUIO, BEI3BAHHOMY IIPHTSI-
JKEHHEM IIEHTPAJIBHOTO Teja S, He IPEBOCXOIUT
snadennsd (4 < 1. B atux ycnosusx B |3,4] naiie-
HO OCpe/JIHSIIoNIee IIpeobpa3oBanue ¢ TOYHOCTHIO
JIO IEPBOTO HOPSIJIKA IO fi: OJIyYeHbI yPDABHEHUS
B CPEJIHUX JIEMEHTaX U pasHocTu (0003HAUEH-
Hble CUMBOJIOM JinddepeHimaia) oCKyaupyro-
X U CPpEeJHUX JICMEHTOB. HpI/IBe,ILelVI nux JaJjida a
(6GosbItiast mMOJIYOCh), € (IKCIeHTpUCuTeT), i (Ha-
KJIOH), g (apryment nepurenrtpa), 2 (jonrora
BoCxoJIsAIero y3ia), M (cpennsis anHoMasust):

da = i[—(e +2cos E)S+

w2
+2sin EnT), (L.1)
1 2
de = m{—Q(e +2cos E)n*S+
+ [2(4 - 3¢%)sin E — esin 2E] T },
di— {[2(2 2 sin E—e sin 2] cos g+
i=— —e) sin E—esin 2F] cos
dw?an g
+ n[2e + 4 cos E — e cos 2E] sin g}W,
dg = — {4773 sin ES+
4w3ae
+ [2e(2 — €*) +4(2 — €*) cos E — e cos 2E]T}—
—cd,
dQ =
! {[2(2 2Ysin E — esin 2] si
= —e”)sin E — esin 2E] sin g—
4dw?ans g
—n[2e + 4 cos E — ecos 2E] cos g}W,
dM =
= 4w2ae{[2(2+6€2_3€4) sin B—5¢3 sin 2] S+

+ [4e(1 4 €*) + 8(1 + €2) cos B—
— e(1 4 3¢?) cos 2E]nT}.

Brech u HIKe w = xa /2 — cpejiHee IBUIKEHNE,

E, 0 — sxcrieHTpUYecKasi U CpeJIHsIsT aHOMAJIHH,
U — apryMeHT IMUPOTHI, I' — MOJLYJIb PaJIAyC-
BeKTOpa T, = V1 —¢€%, ¢ = cosi, s = sini,
2% — IPABUTAIMOHHBIH HAPAMET].

ITocraBuM 3aj1ady HEePEHTH OT PA3HOCTH JJIe-
MEHTOB K Pa3HOCTH IIOJIOXKEHHIA, T.e. pA3HOCTH
OCKYJINPYIOIIETO U CPEHETO PANyC-BEKTOPA T
Ora BeJIMYNHA BEKTOPHAsl, U HAM JOCTATOTHO
OrPaHUYUTHCS ee KBapaToM |4]

0% = dr? +r?(du + cdQ)*+
+ 72 (sinudi — scosudQ)?. (1.2)

Ucnonb3yss  muddepernnaibable  COOTHOIIE-
Hust [6,7]

asin B

dE =

de + 2 dm,
T

r
asin £

de+ 4R, du=dg+do,
rn T

dr = Zda—acos Ede +aesin EdE, (1.3)
a

do =

[IOJIY UM

dE =

A4(2 + 5e*—
8’/“0.)26{[ (2+5e
—2¢!)sin E — 2e(2 + 3¢®) sin 2E]S+
+ [2e(8 + €2) + (16 + 15€?) cos E—
— 10e cos 2F + €2 cos 3E]7]T}, (1.4)

do {4[(4 +9¢? — 4et)sin E—

a
~ 16r2w2e
— 2¢(2 4 €%)sin 2E 4 e*sin 3E]nS+

+ [e(48 — 39¢* — det)+
+ 4(8 — 3e? — 6e*) cos E — 4e(9 — 8¢?) cos 2E+

+462(3 — 2¢%) cos 3E — €3 cos 4E}T}.

dr = 2

82 { [2(4+6e2—3et)—e(20—3e?) cos B+

2¢* cos 2E + €2 cos 3E) S+
+ [e(42 + 3€?) sin E—
— 4e%sin 2F + € sin 3E]77T}.
Ucnonbays (1.4), npuieM K 1peIcTaBIeHIO BXO-
JIAIIUX B IPaByto 4acTh (1.2) BbIparkenuii B BuIe

MHOrowieHoB Pyphe 110 IKCIEHTPUIECKOH aHO-
MaJInn

(1.5)

4w?
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e

Wy = [2(4 + 6¢* — 3e) — e(20 — 3¢?) cos B+
+ 2¢ cos 2F + € cos 3E) S+
+ [e(42 + 3€?) sin E—
— 4¢e?sin 2F + €3 sin 3EnT,

Wy = 2¢[3(4 — e?)sin E—
— 6esin 2F + ¢ sin 3E]nS+
+ (32 — 27¢?) + 2e(2 — 7e?) cos E+
+ €%(5 4 2¢?) cos 2F — 2¢3 cos 3E|T,

U3 = [(4 — 3e*) — 3ecos E + 2¢ cos 2E| W.

2. Hopma cMmernieHusi OCKyJIMpYIoInei
OpOUTHI OTHOCUTEJIBHO CpeHel

JLL71sT OTIeHKN CMeIeHnsT OCKYJIUPYIOIIEeit op-
OUTHI OTHOCUTEJILHO CPEIHEl BOCIOJIB3YEeMCs
CPEeIHEKBA/IPATUIECKON HOPMOII 110 CpeIHel aHO-
MaJIuu

1 T
117 =5 [ £ =

1 ™
:%/fg(l—ecosE)dE. (2.1)

B cuny (1.2), (1.5)

2 a?

= —VU
6472t

v —\112+\112+4ﬁx1:2
4 = 1 2 CL2 )

0
(2.2)

9TO MOZKHO Hpe,H,CTaBI/ITI) B BILIE
Uy = U552 + UgT? + U, W2 + UgST.

Suech Vs, Wg, W7 — yeTHbIE TPUTOHOMETPUAYE-
CKH€ MHOI'OYJIEHBI

U5 = 4e?(1 — ?)[3(4 — €?) sin E—
— 6esin 2F + e? sin 3E]?+
+ [2(4 + 6% — 3e?) — e(20 — 3¢?) cos B+
+ 2¢* cos 2E + ¢ cos 3E)?,

g = [(32 — 27€?) + 2¢(2 — 7€?) cos E+
+ €2(5 + 2¢2) cos 2E — 2¢® cos 3E]*+
+ (1 — e?)[e(42 + 3¢?) sin E—
— 4e?sin 2F + € sin 3E)?,

2
Uy = 4 [(4 — 3¢%) — Be cos E + 2¢% cos 2E),
a

Torma Kak Wg — HeUeTHBINT MHOTOYJIEH, IIpOMa-
JAIOMUl IPU OCPETHCHUN.

HeoxunmanubiM 1o1apKoM 0Ka3aJI0Ch, ITO
muorodaeH Wy coaepxkut 1 — e cos E muOXKUTE-
jieM. B pesysbrare BhIdnceHIEe HOPMBI CBEJIOCH
K HAXO0XKJEHUIO CBOOOJIHOTO JIEHA MHOI'OUJICHA.
OxoHvaTe/bHO,

1

32w

ab

= 39,4 (A132 + A2T2 + A3W2), (23)

lloll* = (A1S% + AoT? + AsW?) =

rue

Ay = 32+ 276¢% — 255 + 5065,

Ay = 512 — 99¢% — 385¢* — €5,
As = 32 — 15¢2 + 10e?.

Ob6paTnM BHUMAHWE, ITO HOPMA 3aBUCUT TOJIb-
KO OT KOMIIOHEHT BEKTOPa BO3MYIIIAIONIEI'O YCKO-
penusi, OOJIBINON TOJIYOCH U SKCIEHTPUCUTETA,
[IpUYeM 3aBUCUMOCTD 3Ta HA YJIMBJIEHUE IIPOCTA.

3. IIpumepsnl

B zaksodenre npuMeHuM 10Ty IeHHBIE De-
3YJIbTATBI K ABYM 3a/ia9aM.

1. PaccmoTpum gBMKeHUE COMMMKAIONIETOCST
¢ BemJieit acreponia, Ha KOTOPOM YCTAHOBJIEH
JBUTATENb MAJION TSI, 00eCIeINBAOIINI TOCTO-
AHHOE TPAHCBEPCAJbHOE YCKOPEHUEe ¢ KOMIIOHEH-
ramu (0,7,0). Boibepem pu AC3: 99942 Ano-
dbuc, 101955 Benny, 410777 (2009 FD). IToso-

wxuM = 1,152 - 1010 MS/Q/C. IIycTp Tdara BO
BCEX CJIydasX paBHA OJIHOMY HBIOTOHY. 3HAYe-
HUsI OPOUTATBHBIX U (PUBUUECKUX TTAPAMETPOB
Haiizem Ha caifire [8] u nmpuBeseM ux B Tabi. 1,
B IOCJIEJIHEN CTPOKE KOTOPOH JaeTcsl 3HaUYeHue
||o|| cormacuo (2.3).

Kak BuayM, IepuoguyecKuMEI BO3MY IICHHSI-
MU MOXKHO IpeHebpeub. OIHAKO JIJIsT MEHBINX B
20 pa3 (1o pasmepy) acreponioB BesnuuHa |||
OyzeT Gosibilie Ha 4 TOPsIKA U MPEBBICUT U~
MeTp 3eMJii. YdeT MepUOINIeCKIUX BO3MYIIEHNH
CTAHOBUTCST 00SI3ATEILHBIM.

2. PaccMoTpuM JBUXKEHUE NeOCTAITHOHAPHO-
ro ciyTHUKa—perpanciagropa. [lycts on mempe-
PBIBHO M3JIydaeT Ha 3eMJIIO MTOTOK 3JIEKTPOMAr-
HUTHO¥ SHEPIUH MOITHOCTHIO w. KocMuaeckomy
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Tabsmma 1. 3HadeHnss OPOUTAILHBIX U (PU3HIECKUX MTapaMETPOB acTEPOUIOB

Acrepounst 99942 Anoduc 101 955 Benny 410777 (2009 FD)
a, a.e. 0,9222 1,1264 1,1631
a, M 1,3834 - 10! 1,6896 - 10! 1,7447 - 10!
w, paz/c 2,2388 - 107" 1,6587-1077 1,5808 - 1077
e 0,1911 0,2037 0,4930
JMaMeTp, M 330 490 470
Macca, KU 4.10%° 6100 8,3-10°
|T| = rara/macca, m/c? 0,250 - 10710 0,167 - 10710 0,121-1071°
|T|/w?, M 498,780 606,989 484,208
llell, xm 1,987 2,417 1,846
Tabmuma 2. 3uaderns (pU3NIECKUX MTapaMeTPOB CITyTHUKOB
CryTHUKHT Monuua—3K Oxkcmpecc—AMb5 QuetzSat-1
Macca, Kr 1780 3400 5514
w, Br 1470 14000 20000
S =w/(mc), m/c? 0,2753 - 1078 1,3725-10°8 1,2090 - 108
lloll = S/w?, M 0,518 2,581 2,274

armnapary Maccoii m TeM CaMbIM J[AeTCsi BO3MY-
maroree yckopenue ¢ kommnonentamu (.5, 0,0),
S = w/(mc), rne ¢ — cxopocTh cBeta. Ilepe-
YHCIMM HECKOJIBKO CIIyTHUKOB C HAauOOJIbINel
MOIIHOCTEIO u3stydenust: Mosnus-3K, Dkcnpecc-
AMS5, Sirius-FM6, IntelSat-17, QuetzSat-1. Haii-
JieM 3Hadenue ||g|| mast rpex u3 mux. st reo-
CTAIMOHAPHBIX CIIyTHUKOB w = 7,292 - 1079 ¢!,
e = 0. Snavenus GUUIECKUX TAPAMETPOB I10-
MereHsl B crarbe 9], na caitre I'JTOHACC [10]
U npuBeJieHbl B Tabjl. 2, B MOCTEIHEl CTpoKe
KOTOPOii jaercs 3Hauenue ||g|| cornmacuo (2.3).

KaK BUJIUM, IIEPUOJUYICCKNE BO3MYIIICHUSA
HeO6XO,[[I/IMO Y4IUTBIBATH TOJIBKO B PEJIKUX CJIYy-
qasdx, e Tpedyercs TOYHOCTh OPsIKa MeTpa
U BBIIIIE.

Aemop ewipasicaem  baazodaprocmsb  c60-
eMYy  HAYWHOMY DPYyKosodumeato npogeccopy
K. B. Xonwesnurosy 3a pykosodcmeo pabomoti
U NOMOUWDH 8 N0d20MosKe PYKONUCH.
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