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BAPUNAIIMOHHBIE AJITOPUTMbBI NTAEHTUNOUKAIINY MOIITHOCTHA

NMMITVJIBCHOI'O NCTOYHUKA 3AT'PA3HEHUA B MOJAEJIN
ITEPEHOCA ITPUMECH

Koueprun B. C., Koyeprun C. B.

VARIATIONAL ALGORITHMS FOR IDENTIFYING THE POWER SOURCE
OF A PULSED POLLUTION IN THE IMPURITY TRANSFER MODEL

V.S. Kochergin, S. V. Kochergin

Marine Hydrophysical Institute, Sevastopol, 299011, Russia
e-mail: vskocher@gmail.com

Abstract. To solve the problems of monitoring the environmental situation it is necessary to
create computer systems that allow assessing the state of the environment. Such systems should
allow for rapid assessment of the effects of pollution in the areas under investigation, especially in
the areas of traditional shipping lanes and intensive construction of various communications. To
solve such problems, it is necessary to have mathematical models and methods for solving inverse
problems, when the input parameters of the model are determined using the measurement data
due to their rapid assimilation. Variational algorithms for assimilation of incoming information
are based on iterative minimization of the quadratic prediction quality function that characterizes
deviations of the solution obtained from the used model from the measurement data. In this case,
the mathematical model is a constraint on the variation of input parameters while minimizing the
forecast quality functional. In this paper we propose the use of such procedures for the assimilation
of data distributed in space and time.

Based on the passive impurity transfer model, various approaches are considered to solve the
problem of identifying the power of a point instantaneous source of pollution from time and space
distributed measurement data. In this paper, we consider a variational method for identifying
the power of a point instantaneous source of pollution based on solving adjoint problems and the
problem in variations. The proposed algorithm is obtained for the case when the measurement
data is received at different times. In addition, the method of estimation and the variational
method of filtering linear systems of equations are considered for searching for the required values.
The initial values of the power of the pollution source are determined in the result of solving the
redefined system of equations. The result obtained is consistent with all available information
about the impurity concentration. The considered algorithms for identifying the power of the
pollution source in relation to the passive impurity transfer model can be used to solve various
environmental problems when studying the impact of anthropogenic pollution sources.

Keywords: variational algorithm, identification of input parameters, passive admixture, transport
model, transport and diffusion of pollutions, assimilation of data measurements.

st pernenust 3aa4 MOHUTOPUHIE, 3KOJIO-
ruYeckoii obcTaHoBKU B A30B0-UepHOMOPCKOM
peruoHe HeOOXOIUMO CO3JaHUE KOMIIBIOTEPHBIX
CUcCTeM JJId OILEHKH COCTOsAHUMA Opr}KaIOH_[eﬁ
Cpeabl. TaKI/Ie CHUCTEMBbI JOJI?KHBI IIO3BOJIATH OIIe-
PaTUBHO OIIEHUBATDL ITOCJICICTBUA 3anH3HeHI/II7I
B MCCJIEIyEMBIX PalioHaX, OCOOEHHO B 00J1aCTIX
TPAIUIUOHHBIX CYJOXOMHBIX IIyTell U UHTEHCHB-
HOI'O CTPOUTEJLCTBA PA3JIUIYHBIX KOMMYHHKA-

nmit. g pemenust Takux 3ajad HEOOXOIUMO
HAJMYMe MareMaTudeckux Mojeseil [1] u me-
TOJIOB pelieHus: o0paTHbIX 3aja4 [2-4], korga
110 JIAHHBIM U3MEPEHUI 3a CYeT UX OllepaTUB-
HOT'O YCBOEHUS TPOUCXOJIUT OIPEJIeIEHAE BXO/I-
HBIX [TapaMeTpoB Mojeu. B mocyennee Bpems
BapuallOHHbIe METOJbl ACCUMUJIIAIIIN U METO/L
COIIPAKEHHBIX YpaBHEHUI aKTUBHO Pa3BUBAIOT-
Cd U UCIOJIb3YIOTCS JIJIsi PEIeHus 0 I00HBIX
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3aja4 [5—7]. B ocHOBe BapHAIMOHHBIX AJITOPHUT-
MOB aCCHMUJIAIAN OCTyHAIomel nudopMalm
JIEXKAT UTEPAIMOHHAasA MUHAMU3AIMA KBaJIpa-
TUIHOrO (PyHKIMOHA/IA KAauecTBa IPOrHO3a, Xa-
PAKTEpPU3YIONIEro OTKJIOHEHHs PEIeHHs] IOy~
YEeHHOI'O 110 UCITOJIB3yeMOil MOJIE TN OT JIAHHBIX
uzmepenuii. [Ipu sTom MaTemarudeckas MOJIE/Ib
ABJIACTCA OI'PaHNYICHUAMMN Ha Bapuallul BXO/I-
HBIX TTApaMeTPOB IIPU MUHUMU3AIMA (DyHKII-
oHaJIa KadecTBa IporHosa. B pabore [8] pac-
CMOTPEH BapHMalMOHHBIA aJIFOPUTM UIECHTUMDH-
Kallu¥ MOIIHOCTU MCTOYHHMKA IO HOCTYIIAIOMIUM
JIAaHHBIM Ha KOHEYHBIII MOMEHT BpeMeHu. B pa-
6ore [9] npuMeHEH METOJ CONPSI?KEHHbBIX ypaB-
Henuii [10], KOTOPBIHl O3BOJIMII OCYIIECTBUTH
IIONCK ITapaMeTpPOB NCTOYHUKA 3al'PDA3HEHUAg 110
3HAYEHUAM KOHIEHTPAIIUY TIPUMECH I KOHET-
HOTO MOMeHTa BpeMenu. B mgannoit pabore mpe-
JlaraeTcst UCIoJIb30BAHNE MOJOOHBIX MTPOIELy P
JIIST ACCUMUJIAIMN JIAHHBIX PACIPEIE/JeHHbIX B
IPOCTPAHCTBE U BPEMEHH.

1. Metoa conpsi>keHHbIX YpaBHEHUIA

PaCCMOTpI/IlVI MOJIEJIb IIepeHOoCca IIaCCUBHOI
IIpuMeCcHu B 0-KOOp/nHaTax

dDC  9DUC  dDVC
+ + -

ot Oz oy
owc ﬁ oDC
oo oz T oz
0 oDC 0 KoC
LA 2% (1
+8y a oy +8UD80 (1.1)
C yCJIOBUSIME Ha OOKOBBIX TDAHUIIAX
oC
I': — = 1.2
KPAaeBBbIMHU YCJIOBUSIMA Ha MOBEPXHOCTH M HA JTHE
oC
Q=Qsd(t—0)d(z—20)6(y—yo) (1.3)
o= — 8£ =0
N oo
U HaYaJIbHBIMH JIAHHBIMEI
C(z,y,0,0)=0, (1.4)

rie t — BpeMst; T, Yo — KOOPIMHATHI TOYEIHOIO
ucrounuka; D — nunamudeckasi riryouna; C —
KOHIIEHTPAIUs TPUMECH; () — MOIIHOCTb MI'HO-
BEHHOI'O TOYEYHOro UcTouHuKa () = const); U,
V', W — xoMmmoHeHTsI 110Jisi ckopoctu; A u K —
K03 PUIUEHTHI TOPUIOHTAILHON U BEPTUKAJIb-
HOIT TypOysienTHO#N b dy3un COOTBETCTBEHHO;
n — HOpPMaJb K OOKOBOIT TpaHuIle.

Yuuoxkas (1.1)-(1.4) ma C* u unrerpupys
[0 YaCTsIM C YUeTOM KPAeBbIX YCJIOBHIT U aHATIO-
ra ypaBHEHUsI HEPA3PbIBHOCTU B 0-KOOP/(MHATAX

oD N oDU 0DV N ow
ot ox oy do

u BeiOupasi C* Kak pellenne Ceyolei compsi-
JKCHHON 3a/1a4n

_9DC*  9DUC*  9DVC*

0, (1.5)

ot Oz y
owC* 0 oC*
" o0 Part o
0 oc* 0 KoCc*
~pZAgT 29 g (16
oy HBy 0o D 0o 0, (16)
gzo, oc=0: @:g,
e, |
7= 0o
t=T: C*=0, (1.8)
HOJTY UM
/QC* ds = /C’gdS, (1.9)
S S

rae S — MOBEPXHOCThH MOPH,
gzé(t_tm)(s(x_wn)é(y_yn)7

n=1N,

N — o0r11iee KOTMIECTBO TOUEK U3MEpPEHU. Y am-
TBIBAsT MTPEICTABICHU It () U g, U3 HOPMYJIBI
(1.9) nmeem

QSCILH* (0,.%0,@/0,0) =C (tma xmymo) > (1'10)
n=1N.

Dopmyia (1.9) anasornuna dopmyiie, HOLYIeH-
Hoit B [11]|, mJist OlLEHKHU 3HAYEHWI I10JIsI KOH-
MEHTPATAN IO PA3TMIHBIM HAYAILHBIM JAHHBIM.
DTO BBIpaXKEHUe sIBJISIETCST TBONCTBEHHBIM TIPEJI-
crapyierueM |10| KOHIEHTpaUy IpUMeCcH Yepes3
MOIITHOCTh UCTOYHUKA U PEIIeHNe COOTBETCTBY-
IOIEel CONPSI?KEHHOI 3a/1a4u.

B ciayuae nHeobxommMocTu onpeieieHnst Ko-
OpJMHAT TOYKHU BBIOpOCA, cjieayer pemarb [N
conpsizkeHHBIX 33124 (1.6)—(1.8). Takum obpa-
30M, MOYKHO ONpEJe/uTh 00nacTh 2 = MLy,
n = 1,N, rme L, — obiacTu CyIeCcTBEHHBIX
snadennit C). Anpuopnas undopmalus o Me-
CTOIIOJIOKEHUN TISITHA, 3arPsI3HEHUsI U €10 I'Pa-
HHUIAX MOXKET OBITH HCIIOJIb30BAHA IIPU OIIPEIe-
JIEHUM MEeCTOHAXOXKIEHUsI TaKoil obactu. Pac-
HOJIO’KEHUE TOYeK (T, Y;) Ha TPAHUIE MSTHA 3a-
I'PSI3HEHUST TO3BOJISIET OMPEIeTUTh 001acTh 2, a
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U3MepeHusl B 00JIaCTIX MaKCUMAaJIbHON KOHIIEH-
TPAIUU IPUBOJIUT K JIydIleil 00yC/IOBJIEHHOCTH
pelaeMoii 3aa4u onpejenennst Qg. Takum 00-
pazom, uMesi NusmepeHuil (j1j1si pasjinIHbIX MO-
MEHTOB BPEMEHH t;,;,) MOXKHO IIOCTPOUTDH CUCTE-
My u3 N ypaBHeHwmii. 3HavueHus () g HAXOJSITCS
u3 cucreMmsl (1.10) na ocnose Meroma dbuiIbTpa-
muu [11], KOTOPBIii yCHEINIHO NPUMeHsIeTCs IPH
pellleHnr aHAJIOrMYHBLIX 3aja4 [12]. B cayuae
nepeonpeesnennoii cucremsr (1.10) u omubok
upu usmepennu C), HeoOXoauMa DUIbTPAIU
¢ yueToM Beeil undopmanun umernoneiics B N
ypaBHeHusiX. B pesysbrare paboThl TaKOi IPO-
1eJlypbl YPaBHEHUsI HOBOI CUCTEMbI COPTUDY-
IOTCSI TI0 PaHry. B urore B 1epBoii cTpoke cu-
CTEMbI OKa3bIBAETCsl yPABHEHUE C HAWJLY e
nHGOPMATUBHOCTBIO, U3 KOTOPOI'O HAXOJUTCS
BennanHa (Qg.

2. BapuaiimoHHbIii aJaropurm
uaeHTuduKaImumn

ITycTp jnanmble n3MepeHnii NMeIoTcs B MO-
MEHTBI BpeMeHH t,, € [0,7], Torna 3aja4a ycBo-
enus JaHHbIxX uzmepennit Cy>M cocTouT B MUHU-
MH3aIIN KBaJIPATUIHOTO (DYyHKIMOHAJIA

Iy = (P (RCy,, — C2M)

P (RCy,, —

N —

e gy (21)

rje M — o6s1acTh HHTErPUPOBAHUS MOJIEJIN Ha
unrepsasie spemenn 0,7, P — oneparop pac-
mupeHust HynsMu (DYHKIMI HEBS30K, 3a/IaHHBIX
Ha MHOYKECTBE TOUYEK M3MEPEHHIl, & CKAJSPHOe
[POU3BE/ICHUE OLPE/IEIISIETCs CTAHIAPTHBIM CIIO-
cobom. Munnmuzarnus (2.1) ¢ orpanngeHusIMu
moztenn (1.1)—(1.3) sKBUBaJIEHTHA ITOUCKY IKC-
TpeMyMa CJIe/yoNero byHKIMOHATA

/. [2DC  apUC
-0 ot Oz
L ODVC owC 9, ODC
Ay do oz " oz
o 9DC 9 KyoC .
Tyt oy ‘aapaovch,*

ac . ) aC
+ <an,c )Ft+(0—co,c ) + <80

—Qsﬂt—ow(:c—xo)a(y—yo),c*) ,

o0

(2.2)

rae My = M x [0,T].

BanuceiBas Bapuaryio GyHKInoHama (2.2)
U MHTErpUpys MO0 YacTAM C y9E€TOM KPaeBBbIX
YCJIOBUIT U aHaJIora ypaBHEHUsT HEPa3PbIBHOCTH
B o-koopauHaTax (1.5), mosyunm

61 = (0Qgsd (t—0)6(z —20) 6 (y —yo), C*)yo s
(2.3)

rne C* — muOX)uUTEM Jlarpamka, KOTOPbIE BbI-

OUparoTCs M3 PelIeHus CIeIYIONeil COparKeH-
HOI 3aJIa4u:

_opcr gpucr  o9pver  ower

ot ox y oo

o 8C* 9 . 9C* 9 KyoC*
Dt e P A S Y e D ae
= —P(RCy, — C2M), (2.4)

o0 =0, 0—0:60 =0,
_ L e |
7= oo ’

t=T: C*=0. (2.6)

s CTallMOHaAPHOCTU beHKLLHOHaJIa n onpejeJsie-
HUA €ro rpaJueHTa nMeeM

Vol =C*(0,20,y0,0). (2.7)

3HavueHre MOITHOCTH MCTOYHUKA HIMETCS UTepa-
IIIOHHO

Q¥ = QY+ 7V,

rae 7 — WUTEpPalMOHHBINA IIapaMeTp, KOTOPLINA
MOYKET BBIOUPATHCA CJICIYIOMIM 00Pa30M

(2.8)

(P (G, = O PSCL) oy
(P3Ce,s PSCo)as,

(2.9)

rae 6C — pellleHne 3a1a91 B BapUALAAX

oD6C n oDUSC n aDV(iC+
ot Ox y
oweéC 0 oDoC

9o Oz o

L0, 9DiC | 0 KaC
oy " oy T 00D 0o

H

(2.10)

C YCJIOBUSIMU Ha OOKOBBIX I'DAHUIIAX

25C

' —— =0
on ’

(2.11)
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KpaeBbIMU YCJIIOBUAMM Ha IIOBEPXHOCTHU U Ha JTHE

c=0: 66670 =C* (O,I'Q,yo,O)
g (2.12)
e 1 96C 0
N G
7 HAYAJIHbHBIMHU JAHHBIMI
0C (0,z,y,0) = 0. (2.13)

B mesrom amroputM naeHTHGUKAIIINA COCTOUT B
CJIe Ly TOIIEeM:

— B TIporiecce HHTerpupoBanust Mogenn (1.1)—
(1.4) 3am0MHUHAIOTCST HEBSI3KU MPOIHO3a JIJIsT MO-
MEHTOB BpeMeHu t,, € [0,T];

— peltaercst colpsizkenHas 3ajada (2.4)—(2.6)
U CTPOUTCS TpajueHT GyHKnnonama (2.7);

— UHTErpUpyeTcs  3aJada B  BapUAalli-
ax (2.10)—(2.13) u onpezensiercss BeaMYNHA
3C (tm, x,y,0);

— HAXOJIUTCS UTEPAIMOHHBIN IMapaMeTp T 110
dbopmyse (2.9);

— OCYIIIECTBJISIETCST UTEPAIMOHHBINA  CITyCK
(2.8) B mpOCTPAHCTBE APAMETPOB JjIsi MUHU-
musaryn dyHKImonana (2.1).

3akJroueHue

Ha ocHoBe mpumMeHeHMsT METO/Ia OIEHKH IT10-
CTPOEH AJTOPUTM /st MACHTUPUKAIINHT MOIII-
HOCTH HMILYJIbCHOTO HCTOYHUKA 3arpsA3HCHUS.
[Iponienypa peasnzoBana Jijist MOJIEJN [IEPEHO-
Ca IIaCCUBHOI pUMECH 110 JaHHbIM U3MepeHui
pacipeneIeHHbIX 110 BpEMEHU U IIPOCTPAHCTBY.
B ocHoBe anropuTMa JIEKUT peEIEHNE COOTBET-
CTBYIOIIUX COIIPAZKEHHBIX 3aJa4 U IIPUMEHEHUE
CIIENUAJILHBIX BaPUAIMOHHBIX TIPOIEIYD (PUIb-
TPaIN IIEePEOIPEICJTCHHBIX JUHEHHBIX CUCTEM,
B pe3yJibTaTe KOTOPBIX IIPOUCXOIUT UJIeHTUDU-
Kallisg MOIITHOCTY UCTOYHUKA 3arPA3HEHNA C yde-
TOM Bceil mocTymaromieit magopmarun. Kpome
3TOr0 MOCTPOCH AJIPOPUTM, PEaJIM3YIOMNUN 3a/1a-
9y IIOUCKa OITUMAJILHOIO 3HAYCHUS MOIHOCTHU
HUCTOYHUKA 3arpA3HEHU 38 CUCT aCCUMUJIAINN
pacHpeieJIeHHbIX 110 IIPOCTPAHCTBY U BPEMEHU
JIAHHBIX U3MEPEeHN KOHIIEHTPAIMK IPUMeECH. 3a-
Jlavda penraeTcd 3a CIeT MUHHUMH3AIlu KBaJpa-
TUYIHOTO (DYHKIIMOHAJA KadecTBa IIPOrHO3a, a
MOJIEJIb BBICTYIIAET B POJIM IIPOCTPAHCTBEHHO-
BpPEMEHHOTO WHTeprosuTa. g mocTpoenus
rpajimenTa (QyHKIIMOHAJIA UCIIOJIb3YEeTC sl perlre-
HUe COOTBETCTBYIOIIEH compsizKeHHo 3a1a4qn. B
1IeJIOM TIOCTPOEHHDBIE AJTOPUTMbI UJIeHTU(DUKA-
Y MOIIHOCTU MCTOYHUKA B MOJEJIU IIEPEHOCa
110 paclpeie/IeHHbIM JaHHbIM U3MEPEHUN MOI'yT
OBITH MCIOJIB30BAHBI JIJIsI PEIEHUS PA3THIHBIX

3a1a49 IKOJIOTHIECKON HaIlIpaBJICHHOCTH IIpU U3Y-
YCHUN BO3,ZL6ﬁCTBHH HUCTOYHUKOB 3arpA3HEHUA
AQHTPOIIOI'€HHOI'O XapaKTepa.
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