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MEXAHUKA

3AJTAYA OB YVIAPE ILJIACTUHEI O CJIOM BOJABI 1 METO/I,
TOYEYHDBIX IIOTEHIINAJIOB
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Abstract. The problem of the impact of an absolutely solid plate on the surface of an ideal fluid
layer is considered. The problem is formulated for the velocity potential as a boundary value
problem for the Laplace equation in a layer and half-space (M.V. Keldysh — two-dimensional case,
LI Vorovich, V.I. Yudovich — round disk case in R?). In the works of the mentioned authors, a
flat plate and a flat bottom were considered. This made it possible to apply the Fourier transform,
obtain an integral equation for the potential, and, using the expansion of the solution in special
functions, calculate some basic hydrodynamic values.

To solve this problem, an algorithm is proposed in which the most difficult step is to solve a
mixed boundary-value problem for the Laplace equation with a given boundary value on the plate
surface.

For the numerical solution of this problem, the method of point potentials is used, which is
also convenient for curvilinear boundaries. An approximate solution is represented as a linear
combination of point potentials. To determine its coefficients, a variational problem is constructed,
the solution of which reduces to a system of linear algebraic equations.

For a flat plate and a flat bottom, the results obtained are compared with the known ones. The

DOI: 10.31429/vestnik-17-1-2-27-30

results of solving the problem with a convex plate and a curved bottom are presented.

Keywords: point potentials method, Laplace equation, numerical methods.

BBenenue

PaccmaTrpuBaercs 3a1ata 06 yaape abcosoT-
HO TBEPJION IIACTUHBI O TIOBEPXHOCTD CJIOA HJIe-
AJIBHOM KuIKoCTU. 3agada (OPMYJIUPYETCs M1Jist
MOTEHTMAIa CKOPOCTH KaK KpaeBasl 3ajada, JiTst
ypapHeHUs Jlammaca B ¢ioe W TOJTyTPOCTPaH-
cree (Kemupim M.B. — nBymepHsbiii cayvait [1],
Boposua N.U., FOgosuu B.U. — ciyuait Kpyr-
noro gucka B R? [2]). B paborax ynomsanyThix
aBTOPOB PACCMATPUBAJIACDH ILJIOCKAs [JIACTHHA U
IJIOCKOE JTHO. DTO ITO3BOJIUIIO IPUMEHUTD [1PE00-
pasoBanme Pypbe, MOTYIUTD 71T TOTEHITHATA
UHTErPAJIbHOE YPABHEHUE U, UCIIOJIB3YST PA3JIO-
JKEHUE PEIIeHus 10 CIeUaJIbHbIM (DYHKITAAM,
BBIYHUC/IUTH HEKOTOPHIE OCHOBHBIE THIPOIMHAMH-
YeCKre 3HAUCHMUS.

B nannoit pabore mpeiozKeH ajaropuTM, B
KOTOPOM JIJIsI IPUOJINYKEHHOTO PEIIEeHNsT Kpae-
BO¥ 3aj1a9W JTsT ypaBHeHus Jlammaca mpuMeHs-

eTcsi MeTOJ TOYEYHBIX II0TeHIuaoB [3-8|, koro-
pBIit yI00eH, B YACTHOCTH, B CJIydae KPUBOJIU-
HelHBIX T'panutl. [IpubiankeHHOE pereHne mpei-
CTaBJIAETCA B aHAJIUTUYECKOM BHJIE, YTO TaKKe
VI00HO JIJTsT JAJIbHEHINNX TTPUIOYKEHUIA.

JL71sT TTOCKOM TIJTACTUHBI U IJIOCKOTO JTHA pe-
3yJIbTAThI CPABHUBAIOTCA C pe3yabTaTaMu pado-
Tol [1]. [TpuBesieHbl pe3yIbTaThl peleHus 3a/a-
YU C BBIIYKJION IIJIACTUHON U KPUBOJIUHENHBIM
JTHOM.

1. ITocranoBKa 3ama4dn

Ha moBepxnOCTb BOABI IyOnHO# h CO CKOpO-
creio Vy magaer mactuHa mupuHoit 21, dhopma
KOTODOIt onuceiBaercst pynknueit yo(x). Tpedy-
€TCsT OIPEJIEJINTE CKOPOCTh V' JIBUKEHUsI IL1a-
CTUHBI B MOMEHT, HEIIOCPE/ICTBEHHO CJIE Ly IOIINi
3a yJIapoM U pacipejeieHue CKOpoCTeil Tede-
HUST KUIKOCTH. 2KHUIKOCTD CINTAETCS HECIKU-
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MaeMoil, €€ IIOTHOCTD PABHSETCS p, IJIOTHOCTH
IJIACTUHBI — M.
ITycth

Q={(z,y) : |z| >1,-h <y < 0}U
U{(z,y) « 2] <1, —h <y <yo(x)},

¢(x,y) — HOTEHIMA CKOPOCTEll TeIeHMsI KU KO-
cTH, 00Pa3yIOMIErocst B MOMEHT, HEIIOCPEICTBEH-
HO cJiefiytomuii 3a yaapom. Iloreniman ¢ sBos-
eTCst pellleHneM CcieLyomeil Kpaesoit 3aaqu [1]:

Ap =08, (1.1)

?;; =0upuy = —h, (1.2)

%_—VHH‘$|<Z =yo(z), (1.3)
8y - p N " y - yo ) .

¢=0umpu |z|>1, y=0, (1.4)

VAOBJIETBOPAIONIUM YCJIOBHUIO

— 0 upn |z| — +o0.
ox

s

Bnauenue V' JI0MKHO YIOBIETBOPATL PABEHCTBY
+1
/ﬂ@mﬁﬂMV—%% (1.5)
7

riae J(x) = —pp(x, yo(r)) — uMiyabe cu gas-
JIEHUST BJIOJIb TLJIACTHHBI.
2. AnroputM perieHust

O6osnaunm pererne Kpaesoit 3aaun (1.1)—
(1.4) ¢ 3agannbvM 3HadenueM Vo depes oy (x,y),
gepe3 Jy = —ppv(z,yo(x)) — coorBeTCcTBYIO-
MU UMILYJIbC CUJI,

+1

hz/h@ﬂm

-1
Bosbmem V = 1, TOTrJa CIIpaBEeAJIMBO PaABEHCTBO
Il :m—(m—h).

YMHOXKUM IOCTEJHEE DPaBeHCTBO Ha V =
=mVp/(m — I1), monyanm

VI =m(V - V). (2.1)

Tak kak V1 = oy, To VI = Iy, nosromy us
(2.1) cenyer Iy = m(V — Vp), T0 ecTb BBIOJI-
HsieTcst paBeHCTBO (1.5).

Urak, paccmaTpuBaemast 3a/iada CBeJIaCh K
CTIEJIYIOIIEMY :

1. Haittu ¢1,

2. Borauncsmrs Jy, 17,

3. Beraucaurs V = mVy/(m — 1) u py =
=Ver.

st 3bheKTUBHOrO OTBICKAHUST PYHKITUN
Y1 IpeJIJIaraeTCsi IPUMEHUTH METOJ TOUCTHBIX
MTOTEHITHAJIOB.

3. MeToa TOYeYHBIX IOTEHIMAJIOB

IIycrn

Y ={(z,y): I <|z|]<b, —h<y<O0}U
U{(l’,y) |.’E’ <l —h < y < yO(x)},

b > 1. Paccmorpum dynkmmio ¢P, yrosierso-
psontyio B obsactu 2, ypasaenuio (1.1), rpa-
HUYHBIM ycraoBusaM (1.2)—(1.4) u rpanuaaOMY
YCJIOBHIO

Ot

e =0 upu |z| =D.

(3.1)

Suavuenne b BeIOMpaeM Tak, YTOOBI IMPHU
|x| = b BBIIONHSIOCH TPUOBIMKEHHOE DABEHCTBO
¢’ ~ 0. Taxoit BbIGOp napamerpa b obecrednsa-
er 6rmzocts bynkmuit ¥ u @.

Js orbickanus byHKInE ©P IpuMeHnM Me-
TOJ{ TOYEYHBIX OTeHNNAI0B [3-5]. IIpubimxén-
noe penrenne @P (x,7) Gyaem ncKaTh B Bue

n

ob(z,y) = cron(z,y),

k=1

e ag(z,y) = In ((zx — 2)* + (yr — y)*), a Tou-
K (T, yx) IpUHAJJIEZXKAT BHEIIHeH o6JacTu
Ot =R?\ Q.

Yrobb! HalTH KOIDDUIIMEHTEI Cf, UCIIOIB3Y-
eM rpaanunbie ycsosus (1.2)—(1.4) u (3.1). dus
sroro onpeesmm dynxmuonan ®(¢?) [7]:

I " 2
@(@Z)Z/<V+8ayzckak(%y0(ﬂf))> dz+

-l b
[/
—b

l

" 2
<Z ckak($,0)> dxz+
k=1
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Tabauma 1
h/l 1 3 5
V/Vo 0,73017 0,75824 0,76233
P 2 JIuteparypa
+ (973/ ckak(z, —h) | da+ 1. Keadviuw M.B. Yiap mIacTUHBI O BOJY, UMEIOIILY IO
k=1 KOHeuHyIo rrybuny: 36panubie Tpy/asl. Mexanu-

+

/b

—b
0 8 n 2
/ (8 cwk(—b,y)> +
h mk:l

2
6 n
+ <6$ Z crog (b, y)) dy.

k=1

Oynuxmuonan ®(¢?) Moo HHTEpIPETHPO-
BaTh, Kak (GyHKINO F(c) mepeMeHHBIX ¢ =
= (Cl,CQ, ce ,Cn).

Paccmorpum crenyrornyio 3amagay. Heobxo-
JIMMO HaNTHU

p = min F(c)
C

I MEHEMEI3EpYIoIne KosbdunuenTts: ¥ = (c?,

,...,c).

HeobxoiumMbre yciioBus skcTpeMyMa

oF

— =0, i=12,...
862' ) ? ) <

(3.2)

, N

MIPUBOJIAT K JIUHEHHON ajarebpandeckoil cucreme
OTHOCHUTETBHO KOIPMUITNEHTOB Cj.

Mozkno mokazarb, uro dyHKIwsa F(c) cTpo-
0 BBIILyKJIasl, IO3TOMY MaTpHIa cucreMbl (3.2)
HEBBIPDO2K/J/ICHA.

4. PeBy.TIbTaTI:»I YU CJIEHHDBIX paC‘IéTOB

Brimu npoBeieHbl YuCI€HHbIE PACIETHI, 10~
Ka3aBIIIe XOPOIllee COBIIAJIEHNE C PE3YIbTaTaMu,
IpUBEJEHHBIME B cTaThe [1].

B Tabu. 1 npuBeneHbl pe3yabTATHI pacUETOB
u3MeHeHus orHomenust V/Vy B 3aBucuMOCTH OT
orHomenus h/l s HeposHoro faua. Kak BuIHO
3 TabJ/IUIBI, BAUSHAE IIyOMHBI HA OTHOIIEHWE
V/V ybbiBaeT ¢ eé Bo3pacTaHueM.

MeTo TOUeIHBIX TTOTEHIINAIOB MOYKET OBITh
peasm3oBaH [1J1sI 001acTedl TOCTATOTHO ODIIEro
BHUJIA, IO3TOMY IPEJIJIOKEHHBIN aJITOPUTM MO-
JKeT OBITh PACIpPOCTPAHEH Ha CJIydail HEPOBHOIO
JHa, KPUBOJMHENHON IJIACTUHBI W Ha TPEXMeEp-
HBII ciry4ail.
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