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BLOCK ELEMENT METHOD IN SOLVING VECTOR BOUNDARY
PROBLEMS USING SCALAR
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Abstract. This paper presents for the first time a solution of a vector boundary value problem
decomposed over packed block elements that are solutions of scalar boundary value problems
in a non-classical domain. Solutions of a number of vector partial differential equations in
continuum mechanics, electromagnetic phenomena, and field theory allow representations in the
form of decompositions based on solutions of scalar equations. This approach is convenient for
solving problems in the entire space. When solving boundary value problems, the difficulty of
applying this approach is the difficulty of satisfying boundary conditions. In a number of classical
fields, this can be done and exact solutions to boundary value problems can be obtained. These
classic areas include the half-space, the ball, the cylinder, and some areas obtained from views of
transformation groups spaces. However, for a number of important areas other than classical ones,
such as wedge-shaped ones, this approach has not yet been able to build accurate solutions. In
this paper, probably for the first time, this approach is used to construct an exact solution in the
first quadrant of a plane boundary value problem of the second kind for dynamic Lame equations.
The solution is compared with the obtained direct application of the block element method to the
vector boundary value problem. It is known that the unbounded domain makes it not effective
to use numerical methods in this boundary value problem. The solution is constructed using
the block element method under arbitrary boundary conditions. This makes it possible to study
different properties of solutions by changing the effects on the boundary.
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Helmholtz equations.

Introduction

It is known that the construction of pre-
cise solutions to boundary value problems in
practical applications allows us to identify the
properties and phenomena that have been omit-
ted when using various approximate approaches.
These include approximate analytical and nu-
merical methods. Thus, the recently developed
using of block element method [1] allowed us
to identify conditions for occurrence of certain
types of earthquakes [2,3]. The same method it
made it possible to detect the existence of a new
type of cracks that complement the Griffiths

cracks [4]. A huge number of papers have been
devoted to the study of boundary value prob-
lems for the Lame equation, containing both
analytical and numerical studies performed in
more than a century and a half. Not all publi-
cations in this area can be covered.

Note those of them where it was possible
to build accurate analytical solutions of some
types of boundary value problems for Lame
vector equations in non-classical domains. We
will omit from consideration numerous works
devoted to boundary value problems in a half-
space and a layered environment, where the
Fourier transform solves the problem. In spher-
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ical areas, we should note the works devoted
to the construction of eigenvector functions [5].
This approach has been developed for use in
cylindrical, elliptical, wedge-shaped, and conic
regions [6,7].

In this paper, we develop an approach based
on the possibility of decomposing the solution
of the Lame vector equation into potential and
vortex components, each of which is described in
the dynamic case by solutions of the Helmholtz
equation [8]. The difficulty of applying this
method to boundary value problems in non-
classical domains is explained by the difficulty
of satisfying boundary conditions. Therefore, in
the works [8-10] in which important relations of
representation of solutions of vector boundary
value problems by scalars are constructed, the
solutions are constructed only for the half-space.
The block element method for the first time al-
lowed us to construct an exact solution to a com-
plex plane boundary value problem for the Lame
equations in the first quadrant by constructing a
series of scalar boundary value problems for the
Helmholtz equation. For comparison, the exact
solution of the vector plane dynamic boundary
value problem for the Lame equation in the first
quadrant is given, constructed by direct appli-
cation of the block element method to the Lame
vector equation. The latter, obtained for the
first time, is quite difficult to study and apply.

1. Basic equation

Let’s consider a plane boundary value prob-
lem of the second kind for a system of Lamé
equations, set in the first quadrant under har-
monic influences on the boundary. Previously,
it was not possible to get an exact solution to
this problem, but the block element method in
this paper makes it possible to do this in the
form of packed vector block elements.

In the first quadrant, Lame’s dynamic equa-
tions, after excluding the term exp (—iwt), have
the form

00
(N + i) =— + pAuy + k*uy =0,
8.1‘1

_om
_81‘1

o (1.1)

0 - “
8.7}2 ’

k2 — pw2’

06
(N + 1) =— + pAug + k2uy =0,
8x2
0?u  0*u

r1,T9 € Q Au=— —s.
’ ’ ox?  Ox3

Here u,, (z1,22) are the components of the dis-
placement vectors at the point x1, x2 §2, — the
area of the first quadrant x1 > 0, xo > 0, A, pt —
Lame parameters, p — the density of the mate-
rial of the deformable body, w — the frequency
of external harmonic influences at the boundary,
set by the complex function exp (—iwt), where
tis the time. In a problem of the first kind, the
stress values at the boundaries of a square are
denoted on the abscissa axis by the functions
X:pg:rl (xlv 0)7 Ymgxl ($170)a anda X:plxg (07 l’g),
Ya,2, (0,22) — on the ordinate axis. Normal
to the boundary stresses are indicated by the
symbol Xand tangents — Y. In a problem of the
second kind, the components of the displace-
ment vectors u (z1,0), uz (1,0) and u; (0, x2),
uz (0,22) are set at the boundary of the first
quadrant. The displacement u; is directed along
the normal line to the border.

2. Solving a vector boundary value
problem using the direct block
element method

After plunging the boundary value prob-
lem into the topological space of slowly grow-
ing generalized functions [1], applying Fourier
transform Fg (a1, ) operators and an exter-
nal algebra algorithm, we arrive at a system of
functional equations that have the form in the
matrix representation

B (a1,a2) U (a1, a2) = w,

B (a1, a2) = [[bmnll ,
bin = (A +2p) of + paj — K,
b2 = ba1 = (A + p) g,
bas = (A +2p) o + paf — k2,
U (a1, a2) = {U; (a1, 2) ,Us (1, 2) } .
Here the notation of the Fourier transform is

accepted

Uy (o1, 00) = Fo (a1, a2) uy, (21, 22)

= //un(xl,xg)ei<ax>d:):1dx2,

(ax) = a171 + agwe,
w (o, ) = {wi,wa},
wi (a1, a2) = w11 (0, ) + w12 (aq,0),

wa (a1, a2) = wag (a1, 0) + waa (0, az) .
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The components of an external form w (a1, ag)
vector have notation

wi1 (0, a2) = —0414, (0, 2)
+ i [N+ 2u) a1U7 (0, a2) + paxUs (0, a2)]

w22 (07 042) = T Tz (07 OQ)
+1 [uale (0, 012) + AU (O’ Ozg)] ’

wiz (a1,0) = —Tpye, (@1,0)
+ i [parU (a1,0) + AUz (aq,0)],

w21 (041,0) = —O0zoxy (041,0)

+ i [(A+20) a2Us (a1, 0) + pon Uz (a1, 0)] -
Here 04,5, (0,a2), 0,2, (a1,0) are the Fou-
rier transform of the normal X , (0,z2),
X$2I2 (381, 0) and Yl‘zm (xlv 0)7 Ymﬂcz (07$2) -
tangential components of the stresses on the

boundary of the quadrant. The determinant of
the functional equation has the form

det B = By [(A+ p) (of + a3) + Bo]
By = p(a? + a3) — k2.

Zeros for each parameter of the determinant are
represented in the form

114 = Z\/a% —

%

(A +2p) 1 k2,

12+ =1 1k‘2
g1y = Z'\/04% —(A+2up)"

a? — p k2.

9
a4 =1

To study the boundary value problem using the
block element method at the stage of external
analysis, it is necessary to perform differential
factorization of the matrix function and perform
the operation of constructing an automorphism.
For this purpose, taking into account the prop-
erties of the space of slowly growing generalized
functions, we construct a representation of the
solution of the matrix functional equation in
the form

U (Oq, OéQ) = B_1 (Oél, 042) w (041, 042) y (2.1)
B—l
A+p)a3+By — (A4 p)ajag
detB —(A+p)onas (A4 p)ai + Bo

In the future, you need to perform an auto-
morphism, which consists in the requirement of
turning the solution vector to zero outside the
carrier

F_1 (xl, iL'Q) B_1 (051, 052)
X W (al, ag) = 0, (22)
Z1,T2 ¢ Q:
F~! (z1,22) — inverse Fourier transform opera-

tor

For the correct implementation of automor-
phism, a differential factorization of the matrix
function is performed and the necessary selec-
tion of components of the vector of the external
form is made.

Matrix functions have the form

—1 [|Cm — Omn+ 0

Rmn = (am - amn+) 1 C 5
mn
b11 (o114, 2
Ci (114, a2) = — ;
bo1 (114, 02
b1 (124, 2
Cia (0124, 02) = =3

a1, Q214
Co1 (0, a214) = R ——

( )
( az)
( a2)
21 (124, 2)’
( )
( )
bi1 (a1, a4 )

by (a1, a004)

In the problem of elasticity theory of the second
kind, displacement vectors are defined at the
boundaries of a square. As a result of fulfill-
ing the automorphism requirement, a system
of pseudo-differential equations is constructed,
which takes the form for the components of the
vector of the external form

Coo (a1, a924) =

— Ozya4 (0 aQ) — Txox (a11+, 0)
+ i [(A+20) 114U (0, a2) + pagUs (0, az)]
+1 [/,LO(QUl (a11+, 0) + )\a11+U2 (a11+, )] 0,

— Ozxy21 (07 an—‘r) — Txoxy (ala 0)
+i[(A +21) a1Uy (0, ag14)+pao14+ Uz (0, ai4)]
+1 [/1/0621+U1 (051, 0) + A1 Us (CK1, O)] =0,

— Ozaxa (a12+7 O) = Tzizo (07 042)
+i[(A + 21) azUs (@124, 0)+pa24 Uz (24, 0)]
+ i [pan24+Us (0, a0) + AUy (0, a2)] = 0,
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— Ouys (01,0) — Ty, (0, 224

+ 0 [(A 4 24) 224 Uz (1, 0) + pon Uz (1, 0)]
+i [ua1Us (0, 221 ) + oo Ur (0, az24)] = 0.
In the case of solving a boundary value problem
of the second kind, the displacement vectors
are given at the boundaries of the square, and
the stress components are unknown in pseudo-
differential equations. The system of pseudo-
differential equations, taking into account the
requirement (2.2), allows a solution in vector

form. As a result, external forms are repre-
sented as

w1 (o, ) = [s1 (1, ) — 51 (114, 2)]
— [s1 (a1, a214) — s1 (@114, 214)]

wa (o, o) = [s2 (0, ) — 52 (124, 2)]
- [82 (0617 a22+) — 82 (0412+, 0422+)] .

Here it is marked

51 (o, o)
=4 [(A+2p) a1 Uy (0, a2) + paUs (0, o))
+1 [MOQUl (041, 0) + AO[lUQ (041, 0)] s

52 (1, )
=1 [/,LCKIUQ (0, 042) + )\OéQUl (O, ag)}
+1 [()\ + Q/L) asUs (051, 0) + ualUl (051, 0)] R

s1 (a1, ) — 51 (114, 02)
=i (A +2p) [aU; (0, a2) — a114+U7 (0, )]
+ip [oUs (a1,0) — aUs (114, 0)]
+ A [OqUQ (0417 0) — 114Uz (a11+7 O)] )

52 (041, Oéz2+) — 52 (0412+, 0422+)
= p Uz (0, a224) — 124Uz (0, a2 )]
+ip[onUr (o1, 0) — 124U (124, 0)]
+(A +2p) [a224:Us (a1, 0) — o Us (124, 0)] -

The constructed solutions include components
of the displacement vector set at the quadrant
boundary. As a result of adding the constructed
solutions of pseudo-differential equations to the
right parts of the external forms in (2.1), we
obtain a representation of a packed vector block
element, which is an exact solution of the bound-
ary value problem for the Lame equations in
the first quadrant, in the form

u (xl,azg)
=F ' (21,20) B! (o, a0) w (a1, a0) . (2.3)

3. Solving a vector boundary value
problem using solutions scalar
boundary value problems

It was noticed long ago that the Lame equa-
tions, both in static and dynamic cases, have
the property of representing the solution as the
sum of potential and vortex components. It has
been used in quite a large number of works, but
only in simple areas — half-space, layered envi-
ronment, and other areas obtained by represen-
tations of space transformation groups [5-10].

This is due to the fact that when decompos-
ing the solution into potential and vortex com-
ponents, it was not possible to perform such a
decomposition under boundary conditions. Ac-
cording to the authors, this paper makes some
progress in solving the problem of boundary
conditions in this approach.

Following [8], we take the decomposition
of the solution of the Lame equations in the
following form

u (21, 22) = 019(x1, x2) + O2tp(x1, 2),
ug (1, 22) = O20(1, 22) — O19(x1, x2), (3.1)

Here it is marked

(A=pf) =0, (A-pd)v=0,
pi=kOA+2u)" ph=kin ",
¢(21,0) = fi(x1,0), (3.2)
¢(0,22) = f2(0,22),
Y(z1,0) = g1(z1,0),
¥(0,22) = g2(0, 2)
Functions f,,, gm, m = 1,2 that are arbi-

trary under boundary conditions, satisfying only
the conditions of correctness of the statement
boundary value problem. In particular, they
can be taken from space slow-growing general-
ized functions that are searched for solutions to
the boundary value problem in the domain 2.

We consider the case of the second-kind
Lame boundary value problem.

The following conditions are set on the co-
ordinate axes: uy, (21,0), uy (0,22), n =1,2.
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Thus, for solutions of the Helmholtz equa-
tion, boundary conditions of the form are
formed for 29 — 0

O19(x1, x2) + O2tp(x1, 22) = w1 (21, 0), (3.3)

Dop(x1,2) — O1p(21, 2) = ug(21,0).
Similarly, when z; — 0

019(x1, 22) + Oov(x1, 22) = u1 (0, 22), (3.4)

Oap(1,x2) — O11h(w1, 22) = u2(0, 22).

The solution of the boundary value problem
for Lame equations with boundary conditions
(3.3), (3.4) requires the construction of solu-
tions to boundary value problems for Helmholtz
equations under arbitrary boundary conditions
(3.2). This can be done using the block ele-
ment method described in [1-4]. Examples of
solving various boundary value problems using
solutions of Helmholtz equations are available
n [11-19]. The solution of the boundary value
problem in the first quadrant, performed by the
block element method, is available in [20]. In
the Packed form in the first quadrant in the
case of the Dirichlet boundary value problem
the solutions have the form

P(z1,22) = o= //

%(a1x1+a2$2)da1da2
)

041,042
(a2 + a3 — p?)

X e (3.5)

b(z1,22) = 5 //

X e

alv OQ

ozl + a2 p2)

l(a1$1+a2wz)da1da2
M

o= [ 1] (- Pemaen)
Q114 Q21+
n [ ay 1] <F2(a1) B 041F2(0611+)> 7
91+ a114
wy = { 1} <G1 ) (oz22+)oz2>
Q124 224
[ 1] <G2 B a1G2(a12+)> 7
Q224 Q12+

Q124+ =1 Qpy =1

a1+ = Z\/ Pp Q214 = z\/ pp

Sections for multi-valued functions are dic-
tated by the requirement to perform automor-
phisms [1]. According to the construction, the
properties (3.2) are valid for the given block
elements. Using them, we introduce the fol-
lowing notations for solutions of the Helmholtz
equations

d(x1,22) = ¢ [x1, 22, f1(£1,0), f2(0,&2)]
— fl(mho)a
0<za K1

(w1, 2) = ¢ w1, %2, f1(&1,0), f2(0, &2)]
= f2(0,z2),
O0< o K1,

Y(x1,x2) = 1 [21, 22, 91(£1,0), 92(0,£2)]
— g1(z1,0),
0 <22 K 1

Y21, 2) = 1P [11, 22, 91(£1,0), 92(0,£2)]
— g2(0, z2),
<o 1.

These properties allow us to find a way to satisfy
the boundary conditions of the boundary value
problem for the Lame equations. Below, we will
denote the integrals of a function by variables
and first-order formulas and, respectively. So,
there are representations

z1

8§_1)w(x1,a:2) :/w(fl,m)dfl;
0 (3.6)

2

35_1)@”(5”17532) :/w(l‘hfz)dfz

0
Obviousle
8285_1)1”(561,162) = w(x1,x2).

When solving The considered vector lame equa-
tion in the region representing the first quad-
rant with two intersecting boundaries, only one
Packed block element of each boundary value
problem for the Helmholtz equation is not suffi-
cient to satisfy the boundary conditions. Each
block element is a solution of the Helmholtz
equations corresponding to the potential and
vortex component of the solutions. This was
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sufficient for solving the boundary value prob-
lem for the Lame equation in a half-space with
only one straight boundary, performed in [8]. It
turned out that in the case of a polygon area,
the number of block elements of scalar problems
should be taken in the number of straight frag-
ments that the boundary of the polygon area
contains. Thus, to describe the solution Lama’s
equations in the first quadrant, which contains
two straight fragments in the border, needed to
take two block elements each potential and vor-
tex components of the solution. Then the exact
solution of the second boundary value problem
for the Lame equation in the first quadrant is
represented as

uy(z1, x2)

1 (_
= 51<¢>1 [331,962, §5§ l)ul(&,o),

Lo

1 (_ 1 (_
+§5£ UF(&)] + @2 [$1,$2,23§ 1)U2(§1,0)
LoD L1
"‘5 1 D(xl),i(% u2(0,&2)
1 (—
+32<¢1 [331,362,285 l)ul(fho)
[NES) L o-1)
+§81 C($1),§32 u1(0,&2)

1= 1. -
_wQ |:x17x2728](_ 1)u2(§170)7§8£ l)u2(07§2)

= ;8§_1)E(wz)] )i (3.7)

ug (1, x2)

1 (_ 1
= 52<¢1 [iﬁl,@, *5§ 1)U1(§170)7 5(91_1?“(0752)

2

1 (_
—05 Dy (€1, 0)

1
+§3§ UF(&)] + ¢2 [$1,$2,2

1 _ (- 1
+ 585 Y D(ay), 2651112(0,52)] >
1 (-
- a1<¢1 [331: T2, 585 Dy (£1,0)
1) 1)
+ 582 C(:El)v 582 Ul(o, 52)

1 (_ 1 (_
— )9 [56173327235 1)U2(§1,0)7§3§ 1)U2(07§2)

+ ;ag‘”E(m)} > (3.8)

581_1)'“1 (07 52)

Here, the functions C(z2), D(x1), E(x2), F(z1)
have the representation

C(:L’l) = 82(95_1)’[“(1‘1, 0) — 8185_1)141 (:L'l, 0),
D(xl) = 82(3;_1)112(1‘1, 0) — 8185_1)’&2(%1, 0),
E(.Z‘g) = 8185_1)1@(0, l‘Q) — 8205_1)?@(0, $2),

F({L‘l) = 6185_1)’&1 (0, l’g) — 823§_1)U1 (0, l’g) .

It is easy to verify the validity of this statement
by direct verification. Indeed, each packed block
element, after applying the corresponding dif-
ferential operators of the Helmholtz equations,
takes the form

Sors) = 15 [ [ (@ra)
R2

x e~ ilonzitenra) g, doo,

Y(x1,72) = 4;//w2 (a1, 2)
R2

x e HaT1taar2) 4o qq.

The right parts turn to zero due to the regular-
ity of functions wy (a1, a9), wa (a1, ae), in the
domain Ima; < 0, Imay < 0 and decreasing
exponential terms. The functions included in
formulas (3.7) and (3.8) satisfy the first equa-
tion (3.2), and the functions — the second, only
with different boundary conditions.

We show the implementation of the bound-
ary conditions.

Let us limit ourselves to the consideration
of the first boundary condition (3.7).

Using the above properties of packed block
elements, we have the following chain of rela-
tions for fragments of solution (3.7):

u(z1, x2)

1= 1
50 (€.0), 507w (0.8)

— 011 [1?17562, 5

+ ;05_1)171(52)}

1
+ 0oy [331, x2, 535 1)ul(&, 0)

1 1
—0—585 1)Cl(x1)7§8§ 1)U1(0,§2):|
1
+ —ui(x1,0) = ui(x1,0);

1
— *’U,l(xl,O) 5

2
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1 (_
012 [961,1‘2, Qaé 1)U2(§1,0)
1 1
=fﬁ“0mm»fgwxuéﬂ

1_ 1 (-
785 1)’U,2(€1,0),§8§ 1)u2(07£2)

— O [361, 21

1 _ (-
+ 585 I)El (1'2):|
1 (-1 1
— 81 582 u2(x1,0) + §D1($1)
1 _(—
=~ 02501 Vua(21,0)
1_ 1_
— 81585 1)UQ($1,0) — 82§a§ 1)UQ($1,O)
1. - 1 _(—
+82§8£ 1)u2(x1, 0) —81585 1)UQ(:L'1,O) =0.

The satisfaction of the other boundary condi-
tions in (3.7), (3.8) is checked in exactly the
same way.

Conclusion

In this paper, the same plane boundary
value problem for The lame vector equation
in the first quadrant is solved by two different
approaches of the block element method. In the
first case, the solution is constructed by direct
application of the block element method to The
lame vector boundary value problem. In the
second case, a representation of the solution
of the Lame equation using solutions of scalar
Helmholtz equations is used. In both cases, ex-
act solutions of boundary value problems are
constructed for the first time. In the first case,
where the matrix-function factorization opera-
tion was required at some stage, the solution
is represented by a complex expression. In the
second case, it is presented

Fairly simple solutions to scalar problems.
Thus, it is shown that in cases where there is a
representation of solutions of vector using solu-
tions to scalar problems, it is advisable to use
this approach.
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