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Abstract. This paper seems to show for the first time that Packed block elements used in solving
a boundary value problem by the block element method are elements of a discrete topological
space. Since the solutions to boundary value problems belong to a discrete topological space
instead of equations, it is possible to obtain a solution in a new coordinate system without having
to study the boundary value problem. The block element method used in problems of continuum
mechanics, which has a connection with topology, can become more effective in applications if
the General properties of topological spaces studied in detail are used more deeply. One of the
important properties of topology is the existence of discrete topological spaces. Their characteristic
property is that an element that represents the Union of any set of elements in a topological space
belongs to a discrete topological space. Belonging of discrete block elements to a topological space
means that it is possible to completely cover any area with a piecewise smooth boundary and,
thus, an exact solution of the boundary problem in it. In topological space, continuous geometric
transformations and transitions to new coordinate systems are possible. In this paper, it is shown
that Packed block elements generated by the boundary value problem for the Helmholtz equation,
are elements of a discrete topological space. Given that scalar solutions of the Helmholtz equation
can describe solutions to a fairly wide set of vector boundary value problems, this property also
applies to solutions of more complex boundary value problems. The constructions made for the
homogeneous Helmholtz equation remain valid for the inhomogeneous one.

Keywords: boundary value problems, block element method, packed block elements, discrete
topological spaces, Helmholtz equation.

Introduction

The block element method used in problems
of continuum mechanics, which has a connection
with topology, can become more effective in ap-
plications if the general properties of topological
spaces studied in detail are used more deeply.
One of the important properties of topology
is the existence of discrete topological spaces.
Their characteristic property is that an element
that represents the union of any set of elements
of a topological space belongs to a discrete topo-
logical space. Belonging of discrete block ele-
ments to a topological space means that it is

possible to completely cover any region with a
piecewise smooth boundary and, thus, to ac-
curately solve the boundary problem in it. In
topological space, continuous geometric trans-
formations and transitions to new coordinate
systems are possible.

In this paper, we show that the packed block
elements generated by the boundary value prob-
lem for the Helmholtz equation, are elements of
a discrete topological space. Given that scalar
solutions of the Helmholtz equation can describe
solutions to a fairly wide set of vector bound-
ary value problems, this property also applies
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to solutions to more complex boundary value
problems.

In [1,2], the connection of block elements
with various aspects of topology is discussed. In
particular, it is shown that they are manifolds
with an edge, they are characterized by homo-
morphisms, maps, and atlases. Aggregates of
block elements are conjugated by constructing
factor-topologies of factor-topological spaces,
where the equivalence relations are assumed to
be dictated by the requirements of mechanics
boundary conditions under which deformable
bodies are conjugated Theoretical materials re-
lated to the above questions are available in
works [3-6]. However, theoretical constructions
need to be implemented using concrete exam-
ples. In [7], an example of constructing a topo-
logical discretization in one of the topological
spaces is briefly given. This paper provides a
detailed and detailed presentation of the mate-
rial. In this paper, the material is presented on
the example of constructing a discrete topolog-
ical space of solutions to the boundary value
problem for the Helmholtz equation.

1. Construction of a discrete topological
space

The objects of a topological space are the
set of solutions of boundary value problems for
the Helmholtz equation. The choice of these
equations is not accidental. First, the bound-
ary value problems for the Helmholtz equations
describe the behavior of solutions to antiplane
boundary value problems in elasticity theory.
Secondly, the solutions of many more complex
boundary value problems in the theory of elastic-
ity, thermoelectromagnetodynamics, and math-
ematical physics are represented as the sum of
solutions of boundary value problems for the
Helmbholtz equation or reduced to them [8-15].
This greatly simplifies the presentation of ac-
curate solutions. In the near future, it will
be shown for the first time that the block ele-
ments of the boundary value problem for the
Helmholtz equation allow us to precisely satisfy
the boundary conditions in the representation of
solutions to complex boundary value problems
in a number of non-classical domains that are
more complex than those considered in [8-10].
Third, these boundary value problems are the
simplest to illustrate new ideas, as in the present
case. Let’s perform the following constructions
on the plane. Let us consider a homogeneous
Helmbholtz equation of the form in the entire

plane

(A+p*)g=0, z,12€ R*=Q

There is no boundary value problem, and there-
fore no block element, but the equation in ques-
tion is the most convenient for illustrating topo-
logical discretization. We begin to introduce a
topological structure with the coarsest topology,
the trivial one. We remind you that topologi-
cally, a block element represents the Cartesian
product of the carrier and the solution of the
boundary value problem on the carrier, repre-
sented as a packed block element. In our case,
we have . The topological structure includes
open sets in the carrier and solutions of the
equation in packed block elements. The trivial
topology includes the empty set and the reduced
set . We extend the set by introducing some
packed block elements in the considered set. We
introduce four half-planes in a rectangular coor-
dinate system with normals to the boundaries
that coincide with the positive or negative co-
ordinate half-axes. We introduce their notation
Q1 (Jz1] < 00, 2 > 0), Qa2(|z2| < 00, 21 < 0),
Q3(|21| < 00, 2 < 0), U(|ze| < 00, 21 > 0).
In each domain, as a carrier, we solve boundary
value problems for the Helmholtz equation with
the following boundary conditions of the form

<A+p2)gn :07 n= 17273747
0 0
0 — 0 —_—

! 81‘17 2 8@
0291(21,0) = qi(z1), g1(z1,22) € N
0192(0,22) = q2(x2), g2(1,72) € Q2
0293(21,0) = qi(z1), g3(x1,22) € Q3

0194(0,22) = qa2(x2),  ga(x1,22)

Here gy, (zy), n = 1,2 are some smooth features.
In the following, we introduce the two-

dimensional Fo and one-dimensional F Fourier

transform operators, respectively, by putting

F2 = FQ(al, 012), F1 = Fl(OKn),

Qay) =Fi(an)q(zy) = /q(azn) exp 1, Tpdy,

l

G(a1, a2) = Fao(ar, a2)g(z1, 2)

= //9($1,$2)6Xpi(041$1 + apxg)dridrsy
Q
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Here [, 2 are the carriers of the integration
functions.

We construct solutions to boundary value
problems in the form of packed block elements.
The latter have the form [1,2,7]

g1 :ElamQ
" 4n2 // (o}

Ql a1)

(o — ao14)

« e~ Harz1+azzs)

(1.1)

daidos

g2 Z’l,l’g
~ 4n2 // (a2

Q2 (a2)

+ ()[2 2)&11,

(05117 - al)

—i(o1z1tazz2)

X e dodas

xlaxQ
// 041

Ql (o)

+ Oé2 2)0&21,

(21— — )

—i(onx1+agwa)

X e dajdag  (1.2)

961,902
// 051

Q2 ()

+ a2 —pYagiy

(a1 —ag1+)

—i(a1z1+o2zs)

X e daqdos

_ 2 _
o114 =1 Oég—pQ, Q21+ =1

\/ Oél _p
- = —iy/ad —p?,

— i /a% _p2
Here Qn(as) = Fl(as)Qn(l's)'

Thus, the packed block elements are con-
structed in four mutually intersecting half-
planes. They represent a block structure,
the blocks of which have carriers-areas 2,,
n = 1,2,3,4. Consider the sets Q, X gn,
n =1,2,3,4. We introduce a topological struc-
ture in the constructed block structure. Let’s
call the internals of each constructed packed
block element, and the carrier, that is, open
sets, elements of a topological space. They
must have the following properties: the union
of any number of such elements and the inter-
section of a finite number of them must be an

21— =

element of the topological space, that is, be a
packed block element. In addition, the empty
set and the entire set of elements are elements of
a topological space. All of these requirements
are met, except for one: the intersection of
packed block elements must be a packed block
element. Obviously, the carriers of packed block
elements, that is, half-spaces with mutually per-
pendicular boundaries, have all four quadrants
of the rectangular coordinate system as inter-
sections. We introduce the following notation:
Q5(.C61 > 0, 29 > 0), Qﬁ(l’l < 0, 22 > 0),
Q7(9L’1 <0, 2o < 0), Qg(&?l > 0,29 < 0). Thus,
in order to prove that the introduced topologi-
cal structure 2y, X gn, Qin X O, n=1,...,4
really forms a topological space consisting of
carriers and packed block elements, it is nec-
essary to show that the solutions of boundary
value problems for the Helmholtz equation in
each quadrant represent a packed block element.
With respect to carriers, this question is solved
thanks to the induced topology of Euclidean
space. For block elements, any two adjacent
block elements from the quadrants must com-
bine and represent the packed block element of
the half-space. Thus, using the block element
method, it is necessary to construct solutions in
the form of packed block elements in each quad-
rant of the following boundary value problems

(A +p*)dn = 0,

D¢1(21,0) = i (1),  0161(0,22) = ga(22),
Qs(z1 >0, x2 > 0)

O22(21,0) = q1—(71), O192(0,72) = g2+ (72),
Qg(z1 <0, 22 > 0)

Da¢3(71,0) = q1—(z1), 0193(0,22) = g2 (2),
Qy(a1 < 0, 22 < 0)

O2p4(21,0) = qiy(71), 0104(0,72) = q2—(x2),
Qg(z1 >0, 22 <0)

Here gy, (zy), n = 1,2 are some smooth features.

@+ (z1) = q1(71), w1 = 0;
@2+ (22) = q@2(w2), w2 = 0;
q—(z1) = q1(r1), w1 <0;
@2 (r2) = q2(w2), 22 <0

Applying traditional block element methods, in-
cluding the steps of external algebra, external
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analysis [1,2,7], we obtain four packed block ¢2(z1,x2) U ¢3(x1,22), ¢3(x1,22) U dpa(z1,22),

elements in each quadrant da(x1,m2) U @1 (21, 22).
Using the example of the first union, we
(a1, az) show its transition to a packed block element
On (21, 22) = 4712 (o2 + a2 — 2) for a half-space. We have

¢1(z1, 22) U 6252 x1,22)

// (a1, az)
T A2 (a2 + a3 — p?)

x e~ Hazitenza) 4o do,

wy = |: 2 1:| —1 a1z1+a2x2)da1da2+
Q114
0417042
« (0]
X <Q2+(a2) - QQZ:;LQH)> // (a? + a3 — p?)
+ [ @2 1] <Q1+(041) _ OWQH(O”H)> _’(a1x1+°‘2x2)da1da2
a2+ 11+ // w1 061,062 + ws (0, )
= 4n? (a2 + a3 — p?)
wy = |1— - x e~Hermtes®) do, doy  (1.3)
Q11— -
« { Qo (as) — a2Qa (214 ) etee
2+ (02 oyt w1+ g = [ o1 _1}
%) a1Q1-(a11-) QL1+
i [0621+ N 1] <Q1(a1) N 11— > % <Q2+(a2) _ Q2+(a21+)042>
Q21+
{ o } +[ o) _1} <Q1+(a1)— 041@1+(0611+)>+
w3 =|1-— Q214 Q114
11—
ai Q21 (a214 )02 >
+]1- ap) — 2 \0214)02
N <Q2(a2) B OzzQi—ﬂ(am—)> [ 0111] <Q2+( 2) -~

L ] (o - 282

o 11— . . . .
21 1 in this relation, the expression
aq aq (€5 a2
o1 . 0411+’ 04117’ 0421+’ 0421+’
wy = —
a4 @@y (a211)  a1Qiy(a114)
) 9
OQQQ,(OQl,) Q214+ 11+
x { Qo (ag) — 22=2=1021)
21— alQl—(all—)

P Q1 (o) — a1 Q1+ (e14) Q11—
Q91— iy they are called cut-offs. They perform func-
tions that ensure the design of solutions to
We make sure that the union of any two adja- boundary value problems on carriers, that is,
cent block elements that have carriers in the the conversion of the solution of the boundary
quadrants generates a block element in the wvalue problem to zero outside the carrier. Their
form of a half-space. This operation is called role pops up when calculating the inversions
the construction of a quotient topology, and of Fourier transforms when obtaining values a
the equivalence relations in this case consist in packed block element in a Cartesian coordinate
the equality of functions and their derivatives system.
on the boundary. The named associations are Therefore, when the border between the
the following objects . ¢1(z1,z2) U ¢a(z1,2z2), block elements disappears, and operations with
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Fourier transforms in external forms, they
should be neglected, since the boundary dis-
appears. The remaining ones are those that pre-
serve the new boundaries of the packed block
elements. With this in mind, discarding the
unnecessary terms, we have

wi +wy = [OQ - 1] (Q1+(a1))

21+

" [aji - 1] @)
_ [aji - 1] Q1+ (a1) + Qi (o))

Qg — 14
= —0Q1(x
Q214 (01)

Adding this data to (1.3), we get a packed block
element for the half-space (1.1), (1.2), and the
union of block elements turns out to be a con-
nected set. Similarly, combining the packed
block elements of the second and third quad-
rants, we have
aq :|
11—

a2Q24 (a214) >

Q21+

wWo + w3 = [1—

X <Q2+(a2) -

1
+ 11— (o
12 Qo)
. i _an- — o
= [ 0411_] (Q24(2)) = o Q2(a2)
Similarly, we get
w3 +wy = Qa1 — @2 Ql(al)a
a1 —
o] — o
wq +wi = 1711+Q2(02)

Q114+

There may be a question about combining the
three quadrants. In this case, the external form
takes the form wi3 = w1 + wo + w3

From here we get a packed block element.

¢1(x1,22) U ¢>2 x1,x2) U d3(x1, 2)

// w13 a1,a2)

(a2 + a2 — p?)

—i(a1x1+a2zs)

X e daidog

a2

_ 1}
alQl+(all+)>

11+

1_] <Q2—(042) -

a1l

w13 (041,042) = [aﬂ
+

X <Q1+(0<1) -

N [1 B a2Q2—(a2l—)>

Q91—

Thus, it is proved that intersections of half-
spaces are also packed block elements. It follows
that the topological space will be defined if the
elements in the form of half-planes are supple-
mented with block elements with carriers in the
four quadrants of the coordinate system. They
provide a stronger topology than half-planes.
To construct a discrete topological space now,
we need to use its definition. A discrete topolog-
ical space is one in which any the union of space
elements is an element of the same space. It is
not necessary to prove that the elements of this
space are packed block elements, with carriers in
the four quadrants of the Cartesian coordinate
system, having the strongest topology.

2. Properties of a discrete topological
space

The closures of packed block elements of a
discrete topological space are simultaneously
manifolds with an edge and they have an atlas
consisting of four single-card elements. The ho-
momorphism for these elements is trivial, given
by the carriers in the Cartesian coordinate sys-
tem. The elements of a discrete topological
space have no intersections, only the boundary
sets of contact.

Having constructed a discrete topological
space for boundary value problems of a simple
differential equation, it is now possible to inves-
tigate and solve more complex boundary value
problems using it.

The possibilities of discrete topological
spaces of solutions of boundary value problems
constructed in this way are quite wide. They al-
low, for example, to solve more complex bound-
ary value problems based on solutions of simpler
ones. Important is the property of topological
spaces to allow continuous geometric transfor-
mations, transitions to new coordinate systems.
Since not the equations, but the solutions of
boundary value problems belong to the topologi-
cal space, then, without requiring the solution of
the boundary value problem in a new coordinate
system, it is possible to obtain their solution
in this coordinate system. This significantly
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expands the possibilities of the approach, since
exact solutions are constructed, for example, in
unbounded domains that are not available for in-
vestigation by numerical methods. Finally, the
study based on the example of the Helmholtz
equation makes it possible to transfer the re-
sults obtained in the scalar case to the vector
one, using the approaches described in [11-15].

In the event that the original equation is
inhomogeneous, that is

(A +p*)g(z1, 22) = m(21,2),

T1,T2 € RZP=0

all the described results and properties for so-
lutions in new boundary value problems in the
previously considered domains remain valid.

Conclusion

This paper, apparently for the first time,
shows that the solutions of boundary value prob-
lems obtained by the block element method,
presented in the form of packed block elements,
make it possible to form a discrete topological
space of solutions to the boundary value prob-
lem, which expand the possibilities of studying
complex boundary value problems. In the near
future, it will be shown how these results are
transferred to vector boundary value problems
of continuum mechanics.
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